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T
�
o obtain the probability distributionof two-dimensionalcrackpatternsin mesoscopicregionsof a disor-

dered
�

solid, the formalismof PaperI requiresthat a functional form associatingthe crackpatterns� or states	
to



their formationenergy be developed.The crackstatesareheredefinedby an orderparameterfield repre-
senting� both the presenceandorientationof cracksat eachsite on a discretesquarenetwork.The associated
Hamiltonian
�

representsthe total work requiredto leadan uncrackedmesovolumeinto that stateasaveraged
over
 the initial quencheddisorder. Theeffect of cracksis to createmesovolumeshavinginternalheterogeneity
in their elasticmoduli. To modelthe Hamiltonian,the effective elasticmoduli correspondingto a given crack
distribution
�

aredeterminedthat includescrack-to-crackinteractions.The interactiontermsareentirely respon-
sible� for the localization transition analyzedin PaperIII. The crack-openingenergies are relatedto these
ef� fective moduli via Griffith’s criterion asestablishedin PaperI.

DOI:
�

10.1103/PhysRevE.66.036136 PACS number� s� � :� 62.20.Mk,46.50.� a, 46.65.� g,� 64.60.Fr

I. INTRODUCTION

In
�

triaxial-stressexperimentson rocks in the brittle re-
gime,� theonsetof a macroscopiclocalizationof deformation
is usuallyobservedaroundpeakstress� c.f.� Bésuelle� � 1� for a
review� � . Suchdeparturefrom a macroscopicallyuniform de-
formation
�

regimeis intrinsically beyondthe capacitiesof a
mean-fieldtheory, andsoa specificmodelis developedhere
that
 

takesthe orientationalnatureof crack-to-crackinterac-
tions
 

into account.
This is the secondpaperin a seriesof threededicatedto

exploring! how the physical propertiesof disorderedsolids
evolve! as they are led to failure in a stateof compression.
The
"

goal of this paperis to obtaina reasonableform for the
HamiltonianE j

# ($ % ,& ' m( )
)

which is definedasthe averagework
required� to lead an intact region at zero deformationto the
crack� statedenotedby j

*
when+ themaximumappliedstrainis,

m( and� wherethe final strain - is
.

possiblydifferentthan / m(
due
0

to a final unloading.This Hamiltonianmustbeexpressed
in termsof the spatialdistributionof the local orderparam-
eter! that is thevariableusedto characterizethepopulationof
cracks� in eachmesovolumeof a hugedisordered-solidsys-
tem.
 

Most existinglatticemodelsexplorethedynamicsof sca-
lar order parameterseither representingthe breakdownof
elastic! springor beamnetworksundertensilestress1 22 3 , o& ro f
fuse
�

networks4 35 6 . Theanalogiesbetweensuchscalarmodels
and� fractureof disorderedmediahasbeenwidely discussed7
48 . Oneadvantageof our approachis the ability to explore

interactions
.

basedon a fully tensorial description of the
stress� perturbationsproducedby eachcrack.Another is its
ability� to yield analyticalratherthanonly numericalresults.

Using
9

E
:

j
# in
.

thepartition functionestablishedin PaperI, it is
possible; to explore the crack patternsthat emerge in com-
pressive; settingsfor which isolatedcracksappearin an in-
trinsically
 

stable mannerno matter their size < 5= > ,& and for
which+ macroscopiclocalizationis a collective phenomenon
due
0

to the energetic organizationof small cracksasopposed
to
 

an instability associatedwith the largest defects.In the
present; paper, we retaintheleading-ordereffectsof oriented-
crack� populationsinteracting in two-dimension ? 2D

2 @
. The

overridingA importanceof the long-rangeelastic interactions
leaveshopethat 3D generalizationswould not yield qualita-
tively
 

differentcritical behavior.

II. PRINCIPLES OF THE MODEL

A.
B

Order-parameter definition

W
C

e now elaborateon thecrackmodelintroducedin Paper
I. Eachmesovolumeof a hugerock systemis discretizedinto
a� squarenetwork of diamond-shapedcells of size DFE grain�
sizes� G and� only a single crack is potentially presentin each
cell.� A crack is locatedat the centerof the cell and has a
length
H

d
I

somewhere� within the support J 0,
K

d
I

m( L ,& whered
I

m( is
.

the
 

maximumcracklength M a� fixed parameterof thesystemN
required� to satisfy d

I
m( OQP . In the perturbativetreatmentof

the
 

crack interactions developedherein, RTS (
$
d
I

m( /
U V

)
) D is

taken
 

to bea small number, whereD
W

is
.

thenumberof space
dimensions
0 X

in the presentmodel, D Y 2). The local order
parameter; Z (

$
x[ )
)

associatedwith eachcell x[ is
.

takento have
an� amplitude \^]`_badcfe (

$
d
I

/
U
d
I

m( )
) D and� hasa sign that indicates

whether+ the crack is orientedat g 45° or h 45° relative to
the
 

principal stressdirection i the
 

so-called ‘‘axial direc-
tion’
 

’ j . The model is summarizedin Fig. 1
The restriction that cracksare either at k 45° and have

lengthsless than the grain dimensionsis of coursea great
simplification� comparedto whatis foundinsideof realrocks.
However, we only needto characterizetheessentialfeatures
ofA a crackpopulationthatcontributeto localizationphenom-
ena! and, to this extent, it appearsoverly complicatedto
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model the amazingvariety of crackgeometriesencountered
in
.

real rocks w 6,7
x y

. The localizationtransitioninvolvesspon-
taneous
 

breakingof symmetriesboth under translationand
parity; z inversionof theminor stressaxis{ as� is seenfrom the
structure� of theshearbandsemerging in thepost-peak-stress
regime� | 8} ~ . The essentialfeatureof any proposedorder pa-
rameter� is that it must reflect and quantify the amountof
local symmetrybreakingandour simplemodelwith cracks
at� either � 45

�
° doesjust this.

Furthermore,
�

there is evidence both from acoustic-
emissions! monitoring � 9� � and� from direct observationafter
unloading� � 10� ,& thatcracksdevelopingprior to peakstressdo
not� exceedan extentof a few grainsdiameters.This is prin-
cipally� becausethe grain contacts that break are much
weaker+ thanthegrainsandhavea finite lengthsothatcracks
arriving� in compressiondo so stably � 5= � . Crackcoalescence
is
.

not explicitly allowed for. However, sinceseveralneigh-
boring
�

cells in a line mayall containcracksof thesamesign,
the
 

long-rangeelastic effect of long � coalesced� � cracks� is
ef! fectively allowed for. Our pictureof the final shearbands
experimentally! observedin the post-peak-stressregime is
that
 

they were createdby unstablesliding along a band
weakened+ in thepre-peak-stressregimeby a concentrationof
coherently� oriented cracks � 8} � . Our model allows small
cracks� to stably concentrateen� échelon� along� conjugate
bands
�

relative to the principal-stressdirection; however, it
does
0

not modelthefinal unstablerupturealonga givenband.

B. Formation energy of a crack pattern

It has beenestablishedin PaperI that to a reasonable
approximation,� the work requiredto form a crack state,as

averaged� over the initial disorder, separatesinto one part
representingthe work requiredto break the grain contacts,
and� a secondpartrepresentingtheelasticenergy storedin the
cracked� solid.This wasexpressedin Eqs. � 26

2 �
– � 28
2 �

ofA Paper
I as

E
:

j
# � q�

2
2 � m( : � C� 0

� � C
�

j
# � : � m( � 1

2
2   :C� j

# : ¡ . ¢ 1£

Thefirst termof Eq. ¤ 1¥ is theenergy spentin theirreversible
formationof the crackstatej

*
averaged� over quencheddisor-

der
0

and was obtainedthrough an application of Griffith’s
principle.; The parameterq� derives

0
from the quenched-

disorder
0

distribution and lies in the range ¦ 1/2,1§©¨ see� Sec.
III
�

B 2 of PaperI ª . The secondterm is the reversibly-stored
elastic! energy with C

�
j
# being
�

the elastic-stiffness tensorof
state� j

*
.

Our
«

principal task is therefore to model the way that
cracks� and collective crack-statesaffect the overall elastic
moduli of a mesovolume.This requiresdetailedknowledge
ofA the stress¬ orA strain­ field

®
throughoutthe mesovolumein

the
 

presenceof arbitrarycrackpopulations,andwe treatthis
need using the following approximations.First, since the
cracks� in the modelare isolatedoneto eachcell, their main
ef! fect regardingthe far-field stressis to changethe elastic
moduli of their embeddingcell. Sucha changeis modeled
assuming� the cracksto be penny-shapedellipsoidalcavities.
W
C

e ignorehow suchellipseschangeshapewhentheapplied
stress� is unloaded/reloadedsincelinear elasticityalonecap-
tures
 

the principle effect of how the rock becomesweaker
due
0

to strategicplacementof cracksin cells. Sincea crack
occupiesA a limited extentof a cell, the modificationof the
moduli¯ is small comparedto the moduli of the intact cell so
that
 

the resultingfar-field stressfield canbe developedasa
Born series.It is in the third term of this developmentthat
crack-to-crack� interactionsarefirst allowedfor. Higher-order
interactions
. °

three
 

crackssimultaneouslyinteractingand so
onA ± are� negligibleto theextentthat ²T³ (

$
d
I

m( /
U ´

)
) D can� becon-

sidered� small.

III. ELASTIC ENERGY

The
"

goal of this sectionis to determinethe elasticenergy
E
:

j
#elµ stored� in a mesovolumeoccupingthe region ¶ and� con-

taining
 

the crack statej
* ·

which+ denotesthe spatialdistribu-
tion
 

of ¸ (
$
x[ )
)

at all pointsx[ ofA ¹ )
)

whena displacementcor-
respondingto a uniform strain tensor º (0)

»
is appliedon the

external! surface¼¾½ ofA the mesovolume.

A. Elastic energy of a weakly heterogeneous solid

The effect of the crack field ¿ (
$
x[ )
)

is to perturbthe stiff-
ness� tensorof eachcell asC

�
(
$
x[ )
) À

C
� 0
� ÁÃÂ

cÄ ÅÇÆ (
$
x[ )
) È

,& whereC
� 0
�

denotes
0

the moduli of an uncrackedcell É assumed� uniform
for
�

all cellsÊ ,& andwhere Ë cÄ ($ x[ )
)

is a small perturbationdueto
the
 

possiblepresenceof a crackascharacterizedby Ì (
$
x[ ).
)

It
is
.

establishedin theAppendix that the nonzerocomponents
ofA Í cÄ are� typically smaller than thoseof C

� 0
�

by
�

a factor ÎÏ (
$
d
I

m( /
U Ð

)
) D
Ñ Ò

1. Our problem is to resolve an elasticity

FIG. 1. Part of the diamondnetwork of cells that comprisea
mesovolume.Each cell has the linear dimension Ó andÔ is only
allowedto containonecrack.The maximumlengthof any crackis
dmÕ and this length is assumedto be sufficiently small that
(dmÕ /

s Ö
)D
× Ø

1. Theamplitudeof theorderparameteris by definitionÙÛÚÝÜßÞdàâá
(d/
s
dmÕ )D,ã whered

�
is the lengthof the crack found in the

cell, while the sign of ä indicates
å

the orientationof the crack as
shown.
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boundary-value
�

problemin a region è containing� a weakly
heterogeneousstiffnesstensorC

�
(
$
x[ ).
)

The displacementboundaryconditionsaregiven as
é

x[ êìëîí ,& uï ð x[ ñóòõô (0)
»

x[ ,& ö 2÷
where+ x[ denotes

0
distancefrom thecenterof themesovolume.

Elastostaticequilibrium requiresthat

ø
j
# ù

i j ú C i jkl
0
� û

j
# ü

k
ý uþ l
ÿ ���

j
# ��� c� i jkl � k

ý uþ l
ÿ �	� 0

K 

3
5 �

throughout
 �

,& where summationover repeatedindices is
assumed� bothhereandthroughout.Dueto thelinearity of the
problem,; we usetheelastostaticGreentensorG


 �
G
�

i jx
[ ˆ

ix
[ ˆ

j
# for
�

a� uniform materialwhich is a solutionof

C i jkl
0
� �

j
# �

k
ý G� lm
ÿ � x[ ,& x[ �������

im � D
Ñ �

x[ � x[ ���� 0,
K !

4
� "

#
x[ $&%(' ,& G

�
i j ) x[ ,& x[ *�+�, 0.

K -
5
= .

The componentsG
�

i j(
$
x[ ,& x[ / )) definethe i

0
th
 

componentof the
displacement
0

at x[ induced
.

by a unit point force actingalong
the
 

j
*

axis� at x[ 1 . Here, 2 i j is theKroneckersymbol,and 3 D
Ñ

is
the
 

D-dimensionalDirac distribution.
The
"

solution for the displacementswhen no cracksare
present; is simply uï (0)

»
(
$
x[ )
) 465 (0)

»
x[ throughout
 

all of 7 . Thus,
it
.

is a straightforwardexcerciseto demonstratethat the total
displacement
0

uï in the presenceof the cracks satisfiesthe
following integralequation:

uþ i 8 x[ 9�: uþ i
(0)
» ;

x[ <�= > G
�

i j ? x[ ,& x[ @�ACB k
ý D�EGF c� j

#
klm H l

ÿ I uþ m( J�K x[ L�M dI D
Ñ

x[ N ,&O
6
x P

where+ Q
i R denotes
0

the partial derivativerelative to the coor-
dinate
0

xS iT . Using U as� theargumentof a seriesexpansion,we
write+ the displacements as uï V uï (0)

» W
uï (1)
» X

uï (
»
nY )
Z[

O
\

(
$ ] (
»
nY ^ 1))

)
, whereeachuï (

»
m( )
Z

is O
\

(
$ _ m( )

)
. Collectingtermsat

each! orderof ` in
.

Eq. a 6x b gives� the following recursionre-
lation:

uþ i
(
»
nY c 1) d x[ e�f g G

�
i j h x[ ,& x[ i�jCk k

ý l�mGn c� j
#

klm o l
ÿ p uþ m((
»
nY )
Z q�r

x[ s�t dI Dx[ u . v
7
w x

The
"

boundaryconditionsusedto defineG



guarantee� that for
all� ny z 0

K
, the displacementsuï (

»
nY )
Z

are� zero on the boundary{(|
.
Thequantitywe arespecificallyseekingto establishis the

elastic! energy density Eelµ }�~�� D ��� 1
2 � ($ x[ ):

) �
(
$
x[ )
)
d
I Dx[ ,& where

we+ recall that � is the linear dimensionof a mesovolume.
The
"

definitions of the strain � i j � 1
2
� (
$ �

iu
þ

j
# ���

j
# uþ i)
)

and stress�
i j � (

$
C i jkl

0
� ���

c� i jkl)
) �

kl
ý give� immediatelythe following rela-

tions:
 

�
i j
(
»
nY )
Z � 1

2
2 ��� iu

þ
j
# (» nY )
Z ���

j
# uþ i

(
»
nY )
Z �

,& � 8} �
�

i j
(
»
nY )
Z �

C i jkl
0
�  

kl
ý(» nY )
Z ¡�¢

c� i jkl £ kl
ý(» nY ¤ 1) ,& ¥ 9� ¦

E (
»
nY )
Z § 1

2 ¨ D
Ñ ©

aª « 0
�

nY
¬®­ (
»
nY ¯ aª )

Z
: ° (
»
aª )
Z
d
I D
Ñ

x[ ,& ± 10²
with+ theconvention³ (

» ´
1) µ 0

K
. In thelastexpression,thefact

that
 

uï (
»
aª )
Z ¶

0
K

on the boundaryfor all a· ¸ 0
K

guaranteesthat
after� integratingby parts,

¹»º (
»
nY ¼ aª )

Z
: ½ (
»
aª )
Z
d
I D
Ñ

x[ ¾ ¿»À (
»
nY Á aª )

Z
: uï (

»
aª )
Z
d
I D
Ñ

x[

Â ÃÅÄ nÆ Ç (
»
nY È aª )

Z
uï (
»
aª )
Z
d
I D É 1x[ Ê 0,

K

where+ we usedthe facts that the stresstensoris symmetric
and� solenoidal.The ny th

 
term of the total elastic energy is

then
 

E (
»
nY )
Z Ë 1

2 Ì (
»
nÍ )
Z
: Î (0)
»

,& Ï 11Ð
where+ the upperbar denotesa volumeaverageover Ñ .

The
"

first termof theelasticenergy is independentof the Ò
field,
®

andcorrespondsto the physicallyunimportantamount
ofA energy

E
: (0)
» Ó 1

2
2 Ô (0)
»

:C
� (0)
»

: Õ (0)
» Ö

12×
stored� in the intact state.

For
�

the higherordersny Ø 1, Ù (
»
nÍ )
Z

is
.

expressedby Eq. Ú 9� Û ,&
and� the sameargumentasaboveusing the fact that uï (

»
nÍ )
Z Ü

0
K

onA Ý(Þ eliminates! a term:

E (
»
nÍ )
Z ß à

(
»
nÍ )
Z
:C
� (0)
»

: á (0)
» â 1

2 ã (
»
nÍ ä 1): å cÄ : æ (0)

» ç 1

2 è (
»
nÍ é 1): ê cÄ : ë (0)

»
.ì

13í
The secondterm of the developement,

E
: (1)
» î 1

2
2 ï (0)
»

: ð cǞ : ñ (0)
»

,& ò 14ó
representsonly a local dependanceon ô cÄ õ and� thereforeon
the
 

crackfieldö since� it doesnot involve nestedintegralsover
two
 

differentpositions.It will beshownto representonly the
contribution� of the averagecrackporosity to the stiffnessof
the
 

rock.
The
"

third term of the developmentis where the desired
crack-to-crack� interactionsarrive.Using thesymmetryof ÷ cÄ
under� theinversionof its two first or last indices,andEq. ø 7w ù
to
 

havean integral form of uï (1)
»

,& Eq. ú 13û transforms
 

to

2
2 ü DE

: (2)
» ý þ

b
ÿ u� a�(1)
» �

x[ ��� c� abcd� � x[ �	� cd
(0)
»

d
I Dx[

� �
cd
(0)
» 


c� abcd� � x[ ��� b
ÿ G� a j� � x[ ,& x[ ���

���
k
� ��� c� j

#
klm � x[ �! 	" lm

#(0)
»

d
I D
Ñ

x[ d
I D
Ñ

x[ $ . % 15&
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This
"

term accountsfor the way that a crack presentat x[ )
ener! getically interactswith a differentcrackat x[ . This is the
nonlocal interactionterm that is ultimately responsiblefor
the
 

localizationtransition.The higher termsof the Born de-
velopment* canbe neglectedfor our purposes.

B. Elastic energy as explicit function of the crack field

T
"
o establishthe terms of the Born-approximatedelastic

ener! gy asexplicit functionsof both thecrackstate + and� the
imposedstrain , (0)

»
,& a few definitionsarefirst introduced.

The
"

principal axesof - (0)
»

are� along (e.ˆradial/ ,& e.ˆaxial0 )
)

as de-
notedin Fig. 1. Our squarenetworkof cells is rotated 1 45°
from
�

this orthonormalbasis.We work herein thecoordinates
(
$
e.ˆ1 ,& e.ˆ2)

)
of thesquarenetworksothat theapplied-straintakes

the
 

form

2 (0)
» 3 1

2
2
4 5
5 4 ,& 6 167

where+ 8:9<;
radial/ =<> axial0 and� ?A@CB (

$ D
radial/ E<F axial0 )

)
arethe im-

posed; dilatationandshearstrain.
For convenience,we assumethe intactmaterialto be iso-

tropic.
 

Taking GIH 2
2 J

as� thestressunit, where( K ,& L )
)

arethe
Laméparameters; of thematerial,andusingtheusualtensor-
to-matrix
 

mapping of the indices (11) M 1; (22)N 2; (12) O 3
5

, thefourth-orderstiffnesstensorof the intact
material¯ takesthe form

C
� 0
� P 1 2 Q S R 1 0

2 TSU 1 1 0

0 0
K

1 VXW
,& Y 17Z

where+

[S\^]I_a`bIc
2
2 d e 18f

is
.

a material-dependentconstantin the range g 0.5,1
K h

.
The deviation i cÄ ofA this tensordue to the possiblepres-

ence! of a crackin a cell separatesinto an isotropiccontribu-
tion
 

independentof the crack’s orientation,and into an an-
isotropic
.

orientation-dependent contribution. In the
Appendix,we demonstratethat

j
cÄ k x[ lnmXoqp A rts x[ unv B w�xty x[ z|{~} ,& � 19�

A �
�

2 ��� 1 0 0
K

0
K �

1 ��� 2
� 0

K
0 0
K

0

,& � 20�

B
� �

���
1 ��� 2 �S� 1 ��� 2 0

K
��� 22 ��� 1 ��� 2

�  �¡
1 0

K
0 0
K ¢�£

1 ¤X¥§¦�¨ 3
©

,&
ª
21
2 «

where+ ( ¬ 1 ,& ­ 2
� ,& ® 3

© )) are positive constantsexpressedin the
Appendix
¯

in termsof the Laméparameters.;

Making the necessarycontractionsover the indices,we
easily! obtain the trivial ° crack� independent± ener! gy E

: (0)
»

us-�
ing Eqs. ² 12³ ,& ´ 16µ ,& and ¶ 17· . For later convenience,this re-
sult� is bestwritten in matrix form as

E
: (0)
» ¸ 1

2
2 ¹»º ,& ¼¾½ M

¿
0
� À»Á ,& Â¾Ã T,& Ä 22

2 Å

M0
� Æ Ç 0

K
0 1
K ÈXÉ . Ê 23Ë

Using
9

the auxiliary field
Ì�Í

xÎ ÏnÐ�Ñ�ÒÔÓ xÎ Õ|Ö × 24
2 Ø

denoting
0

the amplitudeof eachcrack,one similarly obtainsÙ
using� Eqs. Ú 14Û and� Ü 19Ý – Þ 21ß!à

E
: (1)
» áãâ

2
2 ä�å (0)

»
:A
æ

: ç (0)
» è̄ éëê (0)

»
:B
�

: ì (0)
» í̄ î

ï 1

2
ð�ñ

,& òôó M1 õ�ö ,& ÷ôø T,& ù 25ú
with+

M1 ûCüXýÿþ̄ � 2
� 0

K
0
K �

3
© ,& �

26�
�

2
� ��� 1

2
2 � 2

2 	�

1

2
2 � 2

� ,& 
 27
2 �

�
3
� ��� 1 ������� 3

� . � 28�
Thetermproportionalto �̄ hasalgebraicallycanceleddueto
the
 

symmetryof the problemunderparity; inversionof the
minor axise.ˆradial flips theorientationof cracks,andtherefore
changes� the sign of �̄ ,& while the energy remainsnecessarily
unchanged.� The surviving term is negativeandproportional
to
 �̄

,& andaccountsfor the softeningof the mesovolumedue
to
 

thepresenceof cracks.This dependenceon thetotal num-
ber
�

of cracksis theonly order-parameterdependenteffect to
first
®

order.
Last,
 

the crack-interactionterm of principal interestcan
be
�

readily expressedfrom Eqs. ! 15" and� # 19$ as�% 2 & D
Ñ

E (2)
» ')(

2
� *

cd+(0)
» ,

kl
-(0)
»

Aabcd. A i jkl f
/

aib. j0
2
2 1 22

cd+(0)
» 3

kl
-(0)
»

A
4

abcd. B
5

i jklg
6

aib. j7�8 2
� 9

cd+(0)
» :

kl
-(0)
»

Aabcd. B i jklh
;

aib. j ,& < 29=
where+ thefourth-ordertensorsf,& g> ,& h are� functionalsof ? and�
defined
0

as

f
/

aib. j @ d
I D
Ñ

x[ d
I D
Ñ

x[ A GB ai. C x[ ,& x[ DFEHG b
I JLK

j
# MON ,& P 30

5 Q
g6 aib. j R d

I Dx[ d
I Dx[ S GB T ai. UWV x[ ,& x[ XFYHZ b

I [L\
j
# ]_^ ,& ` 31

5 a
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h
;

aib. j d d
I D
Ñ

x[ d
I D
Ñ

x[ e GB ai. f x[ ,& x[ gFhHi b
I j�k

j
# l_m . n 32

5 o
In
�

the secondterm, the reciprocity of the Green function
G
B

ai. (
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The Greentensorneededheresatisfiesthe Dirichlet con-
ditions
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of Eq. w 5= x and� canbeobtained,in principle, from the
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,& and makesthe functional integrationsof PaperIII
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reflects the fact that the order parameter
cannot� vary on scalessmaller than cell sizes ¨ . Since the
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where+ I is the identity tensor. This is real andsymmetric,as
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IV. SURFACE FORMATION ENERGY

Next,
Û

we mustaccountfor the energy E
Ü

j
ô I that
Ô

irreversibly
went* into creatingthe cracksof a given crack state j

Ý
atÈ a

maximumÞ deformationß mà . In PaperI, this contributionwas
obtainedâ usingGriffith’s criterion as
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where* qâ derives
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from the quencheddisorderandis bounded

asÈ 0.5ì qâ í 1. Thederivationof this statementimplicitly as-
sumedC that all crackswere the samelength. In the present
treatment,
Ô

cracksareallowedto haveanylengthin therange
0
î ï

d
Ø ð

d
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mà . It is a straightforwardexerciseto demonstrate
that
Ô

if thebreakingenergiesfor eachpossiblelengthd
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areÈ all
sampledC from the samequenched-disorderdistribution,then
Eq.
ñ ò

47
� ó

againÈ holds.We foregosucha demonstration.In the
notationô of the presentpaperwe may thusstatethat
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areÈ the termsof the Born-development
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Although not requiredaspart of the Hamiltonianmodel,
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tively
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VI. SUMMARY

Collecting
�

togetherboththeelasticenergy andthesurface
formation
#

energy, we obtain at last the Hamiltonian to be
used� in performingensembleaveragesover crack statesin
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that all termscontributingto the Hamiltonianhave
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written in a dimensionlessform in which energy den-
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APPENDIX:
Ó

EFFECTIVE MODULI
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Ô

A CRACKED CELL

A
Õ
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matrix and all plastic deformationwill be ignored;
i.e., there is no residualstressor strain allowed for in the
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Eqs. + A3, andÖ - A4. for theaveragedeformationin and
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This
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approximationis justified underthe hypothesisthat the
materialinsidethe inclusion D airÖ E is far morecompliantthan
the
F

hostmaterial G solidÙ silicateH . Theserelationsarevalid in
anyÖ spacedimensionD
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. The two-dimensionalcaseof inter-

estJ to us here can be obtainedfrom the three-dimensional
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All remainingcomponentsof T are� either O
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(
Ü
1) and there-

fore
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negligible,or areunimportantfor the componentsof C
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related3 to directions1 and2.
To get finally the deviation 4 c5 of6 the effective elastic
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Q

width,4 and T its
Q

aspectratio. It is throughthis expressionthat
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U
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1 entersthe Born series.
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Þ 2 characterizesi the extent of the

crack.i Thethird dimensionof h
j k

2cl goesm to infinity in order
to
U

obtainthetwo-dimensionallimit of this three-dimensional
system.n

Replacingq� and� r by
o

their expressionsin terms of the
Lame
p ´ parameters� q ,� r ,� andusingby convention( sut 2

v w
) a
Þ

s
the
U

stressunit, the crack-inducedperturbationsof the cell
moduli are
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withÑ all othertermsbeingzeroexceptthoseobtainedby the
necessarysymmetriesunderexchangeof the two first or two
last indexes.

Using
Ò

the dimensionlessconstantsÓ defined
Ô

in Eq. Õ 18Ö
and� introducingthe positivedimensionlesscoefficients × i ,�
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Õ ý

weÑ obtainat last the deviationof the elasticmoduli of a cell
containingþ a crack with long axis orientedalong eÿˆ1 � corre-þ
spondingn to a positive � ),

Þ
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The
C

expressionfor bothpossibleorientationsof thecracksis
straightforward.n Orienting the crack along eÿˆ2

Ï instead
'

eÿˆ1 is
'

equivalent( to exchangingtheoneandtwo indicesin thecom-
ponents� of ) c5 ,� which resultsin an exchangeof the compo-
nents * c+ 1111 and� , c+ 2222,� all remaining componentsof - c5
being
.

unaffectedby this change.Separatingbothexpressions
of6 / c5 into

'
symmetricand antisymmetricparts, and noting

that
0 1

c5 2 0
æ

trivially when 354 0
æ 6

no7 crack8 ,� we obtain the
general9 expressionusedin Eqs. : 19; – < 21

� =
.
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