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The
�

propertiesof theHamiltoniandevelopedin PaperII arestudiedshowingthatat a particularstrainlevel
a� ‘‘localization’’ phasetransition occurscharacterizedby the emergenceof conjugatebandsof coherently
oriented� cracks.The functional integrationthat yields the partition function is then performedanalytically
using	 an approximationthat employsonly a subsetof statesin the functionalneighborhoodsurroundingthe
most
 probablestates.Suchintegrationestablishesthe free energy of the system,andupontaking the deriva-
tives
�

of thefreeenergy, thelocalizationtransitionis shownto be continuousandto bedistinctfrom peakstress.
When
�

the bulk modulusof the grain material is large, localization always occursin the softeningregime
following


peakstress,while for sufficiently small bulk moduli andat sufficiently low confiningpressure,the
localization
�

occursin thehardeningregimeprior to peakstress.In theapproachto localization,thestress-strain
relationfor the whole rock remainsanalytic,asis observedboth in experimentaldataandin simplermodels.
Thecorrelationfunctionof thecrackfieldsis alsoobtained.It hasa correlationlengthcharacterizingtheaspect
ratio� of the crackclustersthat divergesas ��� (

� �
c� ��� ) � 2 at� localization.
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I.
!

INTRODUCTION

In PaperII of this series,we obtainedthe Hamiltonian
E
"

j
# ($ % ,& ' m( )

)
of a populationof interactingcrackswhich is the

ener* gy necessaryto leada mesovolumeof a disordered-solid
system+ from uncrackedandunstrainedinitial conditions,to a
final crack statej

,
at� a maximumimposedstrain - m( that

.
is

possibly/ different than the actualstrain 0 if
1

the systemhas
been
2

subsequentlyunloaded.Using this Hamiltonian, we
prove/ herethatat a well-definedstrain 3 c4 ,& thesystemunder-
goes5 a phase transition to bands of coherently oriented
cracks.6

To studythenatureof this localizationtransition,we must
evaluate* the partition function Z

7
from
8

which all physical
properties/ dependingon the crack distribution are obtained
through
.

differentiation.In PaperI, it wasestablishedthat Z
takes
.

a standardform

Z
7 9;:

,& < m( ,& T= >@?BA
j
# eC D E

E
j
F (G H , I mJ )/

K
T,& L 1M

despite
N

the fact that it derivesfrom the initial quencheddis-
orderO in the grain-contactstrengthsand has nothing to do
withP fluctuationsthroughtime.Thepossiblecrackstatesj

,
for

a� mesovolumeare definedby a local order parameterQ (
$
xR )
)

distributed
N

at eachcell xR ofO a regularsquarenetworkof iden-
tical
.

cells.The amplitudeof S (
$
xR )
)

correspondsto the length
ofO a local crack T always� less than cell dimensionsU ,& and its
sign+ indicatesits orientation( V 45°

W
relativeto theprincipal-

stress+ axisX .

Our
Y

approachfor performingthe sum over statesbegins
by
2

determiningwhich fields Z maximize the Hamiltonian.
Because
[

the temperaturein strain-controlledexperimentsis
negative,\ suchmaximizing statesare the dominanttermsin
Eq. ] 1̂ . Any changein the natureof the maximizing crack
fields or in the natureof the Hamiltonianin their neighbor-
hood
_ `

e.g.,* thevanishingof a secondderivativea corresponds6
to
.

a phasetransition.
In Sec.II, the localizationtransitionis identifiedand the

geometrical5 nature of the crack fields in the ‘‘functional
neighborhood’\ ’ surroundingthe maximizing statesdefined.
In Sec. III, we sum only over this subsetof all statesto
obtainO an analyticalapproximationof Z. In Sec.IV, the free
ener* gy F

b ced
T
=

ln
f

Z
7

is
1

differentiatedwith respectto g and� T
=

to
.

determineboth the sustainedstressh ,& the energy U,& and
the
.

entropyS
i
. In theapproachto localization,no singularities

are� presentin eitherF
b

orO anyof its derivativeswith respectto
strain+ or temperaturewhich demonstrates,among other
things,
.

that the stress/strainrelation is analytic up to j and�
including
1 k

localization.
f

In Sec.V, anexternalfield J
l

is
1

intro-
duced
N

that couplesto m permitting/ an autocorrelationfunc-
tion
.

to beobtained.All singularitiesat localizationarein the
second+ n and� highero derivatives

N
of F
b

withP respectto J
l

withP
the
.

consequencethat the correlation length diverges as pq (
$ r

c4 sut )) v 2
w
.

II.
!

PRINCIPLE OF THE TRANSITION

A. Extrema of the Hamiltonian

W
x

e now determinethe mostprobablestatesby maximiz-
ing the Hamiltonian E j

# ($ y ,& z m( )
)

along the load path {}|u~ m( .
From the summaryof PaperII, we have

E j
# � E0

� ���
m( �@��� 1 � q� ��� Eav� �;�

m( ���;����� E int
� �;�

m( ���;����� ,&
whereP E

" 0
�

is
1

the energy of the intact material, E
" av� is

1
the

ener* gy due to the crack field when crack interactionsare
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neglected,\ and E
" int is

1
the energy due to crack interactions.

The
«

parameterq� derives
N

from the quenched-disorderdistri-
bution
2

andis boundedas1/2¬ q�  1.
That
«

the Hamiltonianmust be maximizedand not mini-
mized® comesfrom the temperatureparameterbeingnegative
as� was quantitativelyestablishedin Sec.IV of PaperI. Be-
cause6 we assumethesystemis intactbeforestrainis applied,
it
1

is a fact of our model that the intact stateis always the
most® probable.For this to hold true,thetemperaturemustbe
negativein strain-controlledexperimentsbecausethe arrival
ofO cracksat constantstrain alwaysreducesthe energy in a
mesovolume.®

1. Mean-field terms

A
¯

mean-fieldsimplificationof the modelbuilt in PaperII
wouldP reducethe Hamiltonianto the soleterm

E0
� °�±

1 ² q� ³ Eav� ´ 1

2 µ·¶¹¸ 2 º�» 1 ¼B½¿¾�À 2Á
Â�Ã 1 Ä q� Å�Æ}Ç̄ ÈÊÉ 2Ë 2

w ÌBÍ
3
Î Ï 2
w Ð

,&
whereP Ñ is

1
thestraindilatation, Ò the

.
shearstrain,and Ó and�Ô

i are� combinationsof the elasticmoduli all as definedin
Paper
Õ

II. The secondterm is strictly negativeandrepresents
the
.

weakeningof therock dueto thecrackporositywhich is
proportional/ to Ȫ ,& the volume averageof the positive field×ÙØ�ÚÜÛÞÝ

. Therefore,this mean-fieldHamiltonianis maximum
whenP ß̄ à 0

á
, which uniquelycorrespondsto the uniform in-

tact
.

state âÙãuäæå 0.
á

2. Interaction term

The
«

interestingterm is the interactionenergy E
" int
�

. As de-
fined in the summaryof PaperII ç the

.
readershouldconsult

this
.

summaryfor the definitions of all the terms in what
follows
8 è

,& E
" int
�

is
1

a sum over wave numbersk
é

ofO orthogonal
quadraticê forms involving R

ë
k
ì and� I

í
k
ì ,& which arevectorscon-

taining
.

the k
é
-spaceFourier modesof the order-parameter

fields
î ï

and� ð . Thesignof theseforms is determinedby the
sign+ of the two eigenvaluesof the symmetricmatricesPk

ì .
For any k

é
,& at leastone of the eigenvaluesis positive,sinceñ

1,0ò P
ó

k
ì ô 1,0õ T ö L

÷
k
ì øúù 2

w û
1
2(1
$ üBý

uþ k
ì2)
) ÿ

0
á

, where 1/2����
1 anduþ k

ì is
1

a cosine.To determinethe sign of the second
eigenvalue,* it is sufficient to take the determinantof P

ó
k
ì .

Using
�

uþ k
ì2w ���

k
ì2w � 1, it is straightforwardto showthat

det
N 	

Pk
ì 
��� 4

� �
1
4 � 1 ������� c� � k

ì ����� 2
w
. � 2 

This is strictly positivefor everyk
é
,& exceptwhen

!
k
ì " sin+ # 2 $ k

ì %'&)(�* /
+
c� ,& , 3- .

in which casethe determinantand secondeigenvalueare
zero./ Thevanishingof thedeterminantis thusindependentof
the
.

norm of k
é
,& and takesplace at either of two conjugate

angles� 0
k
ì 132 arcsin(� 465 /

+
c� )/2) or 7 k

ì 839;: /2
+ <

arcsin(� =6> /
+
c� )/2,
)

whereP ?
k
ì representsthe angle betweenk

é
and� the crack-

orientationO vectore@ˆ1. The directionsin k
é

space+ at which the

determinant
N

vanisheswill bedenotedby theunit vectorsk
é ˆ A .

Thus, the matricesPk
ì are� positive definite; i.e., they have

two
.

strictly positiveeigenvalues,exceptfor thoseparticular
waveP vectorslying alongoneof thetwo directionsfor which
they
.

becomepositivedegenerate.The eigenvectorof Pk
ì as-�

sociated+ with the zeroeigenvaluesis easilycomputedto beB
1,C M k

ì /
+
Lk
ì D T.

The
«

positive-definitequadraticforms of E
" int
�

are� multi-
plied/ by a negativeconstantwhich impliesthatthemaximum
ofO E
" int occursO when Ẽ k

ì F�G̃
k
ì H 0

á
for everynonzerok

é
withP the

exception* of thosek
é

satisfying+ Eq. I 3- J . At thesedegenerate
angles,� the Fouriermodesof K and� L are� relatedas

M̃
k
ì N)O L

÷
k
ì

M k
ì P˜ k
ì . Q 4R

Now
S

, thedefinitionof theauxiliary field T xU VXWZY xU [ imposesa
series+ of constraintsbetween \̃ k

ì and� ]̃
k
ì . The simplest is

obtainedO by notingthatthespaceintegralsof ^ 2 and� _ 2 must®
be
2

the samewhich is equivalentto

`
k
ì acb̃ k

ì d̃ e
k
ì f;g̃

k
ì h̃ i

k
ì j'k 0.

á l
5
m n

For a crack-statemaximizing E int
�

,& this condition further re-
quiresê that

oqp̃
0
�2w rts̃

0
�2w u'vxw

k
ì y

k
z

k
ì ˆ {

k
z |

0
� 1 } M k

ì2w
Lk
ì2 ~˜ k

ì �̃ �
k
ì � 0.

á �
6
� �

It will beseenmomentarilythatalongthedirectionsk
é ˆ � ,& the

factors1 � M k
z

k
ì ˆ �2 /
+
Lk
z

k
ì ˆ �2 are� equal,andthat this quantity is an

increasing function of the shear-strain parameter �� (
$ �

3
Î � )/(
) ���

1)
)
, starting at a strictly negativevalue when��� 0

á �
no sheardeformationyet applied� ,& andreaching0 at a

particular/ value � c4 . For everywavevector, �̃ k
ì �̃ �

k
ì �����̃

k
ì � 2w is

1
trivially
.

positive, and the definition of � also� requiresthat�̃
0
�2w �� ̃

0
�2w ¡ 0

á
for any crack state.From Eq. ¢ 6£ ¤ ,& we can con-

clude6 that for ¥�¦�§ c4 ,& the only crack-statesmaximizing the
interaction
1

termE
" int
�

must® satisfyboth ¨̃ 0
�2 ©tª̃

0
�2 and,� for every

nonzero\ k
é
,& «̃ k

ì ¬�̃
k
ì ® 0

á
. Sucha maximumthus corresponds

to
.

a spatiallyuniform crackfield.
At
¯

the degeneratepoint ¯�°²± c4 ,& the set of maximizing
crack6 statesgoesthrougha drasticchange.Any nonzeroFou-
rier³ mode of ´ and� µ along� the directions k

é ˆ ¶ no\ longer
modifiesE int so+ long as ·̃ 0

�2w ¸�¹̃
0
�2w ; i.e., so long as the crack

field
î

has the samesign over the entire mesovolume.This
degeneracy
N

of E
" int at� º¼»�½

c4 is
1

at the origin of the localiza-
tion
.

phasetransition.
The critical value ¾ c4 ,& and the correspondingwave vec-

tors
.

k
é

for which nonzeroFouriermodesof ¿ and� À do
N

not
contribute6 to E

" int,& aredeterminedfrom the two conditions

det
N Á

Pk
ì Â'Ã 0,

á Ä
7
Å Æ

L
÷

k
ì2w Ç M
È

k
ì2w É 0.

á Ê
8
Ë Ì

RENAUD TOUSSAINTAND STEVEN R. PRIDE PHYSICAL REVIEW E 66,Í 036137 Î 2002Ï

036137-2



Using
�

the solutionof Eq. Ð 7Å Ñ given5 by Eq. Ò 3- Ó in the defini-
tions
.

of L
÷

k
ì and� M

Ô
k
ì given5 in thesummaryof PaperII, Eq. Õ 8Ë Ö

then
.

becomesan equationfor × c4 ,&
ØÚÙ

c42 ÛXÜ c� 2
w Ý

1 Þàß á c42 âäã 1 å�æèçæ c� 2
w é

0.
á ê

9
ë ì

From
í

the definitions of PaperII, we have c� î 1 while 1/2ï�ðòñ
1. Thus,Eqs. ó 7Å ô – õ 8Ë ö can6 only be satisfiedby

÷�ø�ù
c4 ú3û)ü)ý c� 2

w þ
1, ÿ 10�

sin+ � 2 � k
ì �����	��
 c� 2 � 1  /+ c� . � 11�

W
x

ith a radial confiningpressuremaintainedconstant,anda
positive/ shearstress� axial� ��� radial� ,& the strain componentsof
the
.

rock satisfy � axial� ��� radial and� �
axial� � 0

á
so that �� (

$ �
3
Î /
+ �

1)(
) �

axial�  �! radial� )/(
) "

axial� #�$ radial� )
)

is a positive and
monotonically® increasingfunction of the axial stress,until
the
.

rock possibly exhibits somepositive volumetric strain%
weP will latershowthat this doesnot occurprior to localiza-

tion
. &

,& wherethis quantitydivergesto '�( and� increasesfur-
ther
.

startingfrom )�* . All of this establishesthat Eqs. + 7Å ,
and� - 8Ë . have

_
no solution until the first solution /1032 c4 4 is

1
reached.At this particular strain value, nonzero Fourier
modes® of 5 and� 6 having

_
any wave vector lying in one of

the
.

two directionsdefinedby Eq. 7 118 can6 be addedto a
mesovolumewith no changein the interactionenergy.

For
í

quartzasthe rock mineral,

9
1:
3
Î ; c4 <>= ? axial� @�A radialB

axial� C�D radial c4 E 12,

so+ that we find ( F axial� /
+ G

radial� )
)

c4 H�I 1.2 at the transition.Our
model® thuspredictsthelocalizationtransitionto occuraftera
sign+ reversalof J radial� but

2
prior to the point where K�L�M axial�N�O

radial changes6 sign.Theseresultsareconsistentwith what
is observedin usual triaxial mechanicalexperimentsP e.g.,*Q
1–3RTS .

It
U

cannow be algebraicallyverified using the definitions
ofO L
÷

k
ì and� M

Ô
k
ì given5 in PaperII, that1 V M

Ô
k
W

k
ì ˆ X2 /
+
L
÷

k
W

k
ì ˆ Y2 does

N
not

depend
N

on thenormk
é

nor\ on which of the two directionsk
é ˆ Z

is selected.Further, it increasesmonotonicallyfrom a nega-
tive
.

valueto reachzerowhen []\3^ c4 _a` factsusedin obtain-
ing
1

the aboveresultsb .
B. Structure at the localization transition

The
«

goal here is to define the geometricnatureof the
states+ maximizingE int at� thestrainpoint c c4 . Necessarycon-
ditions
N

on the structureof the degeneratestateswere just
given5 and theseare easily madeinto sufficient conditions.
First, thedegeneratestatesmustcorrespondto crackfieldsof
constant6 sign. They thus satisfy everywhere dfehg orO ifj
khl orO , equivalently, m̃ k

ì nhõ
k
ì orO p̃

k
ì q�rhs̃

k
ì . Consideringthis

together
.

with the necessaryconditionsof Eqs. t 4W u and� v 7w x ,&
requires³ that the degeneratestatesbe one of two types: y 1z{}| 0

á
everywhereand the only possible nonzero Fourier

modesof ~ havewavevectordirectionsthat satisfyN
�

k
ì /
+
M k
ì

� M k
ì /
+
Lk
ì ��� 1; or � 2�1�}� 0

á
everywhereandthe wavevec-

tor
.

directionssatisfyN
�

k
ì /
+
M
Ô

k
ì � M
Ô

k
ì /
+
L
÷

k
ì ��� 1. Usingagainthe

definitions
N

of Lk
ì ,& M k

ì ,& N� k
ì given5 in the summaryof PaperII,

the
.

first type of degeneratemodecorrespondsto wave vec-
tors
.

satisfying sin(2� k
ì )) ����� c� 2

w �
1/c� and� cos(2� k

ì )) ��� 1/c� ,&
whileP the secondtype of mode has the samesine require-
ment,but an oppositevaluefor the cosine.Using k

é ˆ � to
.

rep-
resentthe wave vector direction correspondingto the first
condition,6 and k

é ˆ � the
.

wave vector direction for the second
condition,6 we concludethat the emergent degeneratecrack
states+ consisteitherof right-inclinedcrackswith spatialfluc-
tuations
.

forming bands perpendicularto k
é ˆ � ,& or of left-

inclined
1

cracksforming bandsperpendicularto k
é ˆ � . Suchge-

ometryO is sketchedin Fig. 1.
These two sets of crack modesare conjugateto each

other;O i.e., symmetricto eachother under inversion of the
radial axis. Since they becomestatistically important as ����

c4 ,& whereasthe intact stateor uniform statesarethe im-
portant/ statesprior to � c4 ,& the systemspontaneouslybreaks
its
1

symmetryat the transition,which is characteristicof a
continuous6 phasetransition.

Further
í

, the angle formed by these bands is at 45°�	���
k
ì ˆ �¡  from theaxial direction.UsingEq. ¢ 11£ and� thedefi-

nitions\ of ¤ 1 and� ¥
2 in
1

termsof the Laméparameters,/ it is
found that this angle is typically between15° and 35° de-
pending/ on the rock mineral ¦ 4W § considered6 which is consis-
tent
.

with laboratoryexperiments.
Finally, we note that thesespecialcrackbandsthat leave

E
" int
�

unchanged,¨ makea negativecontributionto the Hamil-
tonian
.

throughthemean-fieldenergy Eav� that
.

is proportional
to
. ©̄

. Due to the r ª D
«

rangeof elastic interactions,E int
�

is
independent
1

of the norm of k
é ¬

it
1

dependsonly on its orien-
tation
. 

. Thus,thespatialvariationof thebandsperpendicular
to
.

their lateralextenthasno influenceon E
" int; it only affects

Eav� through
.

the numberof crackspresent.For large systems
and� a narrow band of only a few cell widths, ®̄ ¯�°²± /

+ ³ 2
w

FIG. 1. A part of the conjugatebandsemerging at the critical

strain.The bandsperpendicularto k
´ ˆ µ areexclusivelycomposedof

right-inclinedcracks,while thoseperpendicularto k
´ ˆ ¶ contain· only

left-inclined cracks.

FRACTUREOF DISORDERED. . . . III . . . . PHYSICAL REVIEW E 66, 036137 ¸ 2002
£ ¹

036137-3



º¼» /
+ ½

,& where¾ and� ¿ are� the linearsizeof a cell À grain5 Á and�
ofO a mesovolume.Thus,sucha thin bandmakesa negligible
contribution6 to Â̄ for large systems,and is energetically
equivalent* to the intactstate.However, stateswith numerous
and/or� wide bandscanmakea non-negligiblecontributiontoÃ̄

and� are,therefore,lessprobable.So this transitionindeed
corresponds6 to ‘‘localized’’ structures.Only thosestateswith
a� smallnumberof smallwidth bandsalongthespecialdirec-
tions
.

are the statistically emergent onesas is observedin
actual� experimentson rocks.

III. OBTAINING THE PARTITION FUNCTION

The
«

sumover crackstatesin Eq. Ä 1Å is
1

equivalentto the
functional
8

integration

Z Æ Ç
xÈ ÉËÊ d

Ì Í
xÈ eC Î E[ Ï , Ð , Ñ mJ ]/

Ò
T. Ó 12Ô

Since
Õ

our Hamiltonianis expressedin termsof the Fourier
modes® Ö̃

k
ì ,& it is shown in standardtextbooks × 5,6

m Ø
that
.

Z
7

further transformsto

Z
7 Ù

d
Ì Ú̃

0
� Û

k
ì ÜÞÝàß dÌ á̃ k

ìRâ d
Ì ã̃

k
ìIä å eC æ E[ ç̃ k

è , é , ê mJ ]/
Ò

T,& ë 13ì
whereP í̃

k
ìR and� î̃

k
ìI are� the real andimaginarypart of ï̃ k

ì ,& andð
is
1

a half spaceof the setof the wavevectorscorrespond-
ing to the nonzeromodes;i.e., correspondingin two dimen-
sions+ to the discreteset (k

ñ
1 ,& kñ 2

w )) ò (2
$ ó}ô

/
+
nõ 1 ,2& ö}÷ /

+
nõ 2
w )) with

(
$
nõ 1 ,& nõ 2)

) ø1ù 2
w
. There is a small-wavelengthcutoff given by

max(® ú nõ 1û ; ü nõ 2 ý )) þ ÿ /+ � that
.

ensuresthat � does
N

not vary on
scales+ smaller than that of a cell, and there is the arbitrary
criterion6 k

ñ
1 � 0

á
madeto divide this spaceinto two symmetri-

cal6 parts.Equation � 13� is
1

valid up to a multiplicative con-
stant+ that hasno physicalimportancesincethe propertiesof
a� systemcorrespondto the derivativesof the free energy F

b��� T ln Z.
An
¯

analyticapproximationfor Z
7

is
1

obtainedby perform-
ing
1

the functional integrationover a properlychosensubset
ofO all thepossiblecrackstates.Thedefinitionof this subsetis
based
2

onwhatwaslearnedin thepreceedingsection;namely,
that
.

amongthe stateshavinga given nonzerocrackoccupa-
tion
. 	̄

,& the most probableare the uniform states,and pre-
cisely6 at the phasetransition,certainbandedstatesmay ar-
rive³ at almostno energy cost,andtheseemergentstatesalso
havethe samesign over space.Thus, the geometricalchar-
acteristic� of all suchstatesin the ‘‘functional neighborhood’’
ofO the minimizing state is that in eachone, all cracksare
orientedO in thesamedirection 
 either* left or right� . This prop-
erty* justifiesmakinga so-called‘‘constant-sign’’ � orO ‘‘mean-
phase’/ ’  approximation� for the partition function in which
onlyO thosestatesin which the sign doesnot changein space
willP be considered.This still includesa hugerangeof states
in
1

which � spatially+ varies.The excludedstatesin this ap-
proximation/ areguaranteedto havelower probabilitiesthan
the
.

included ones and, as such, should have a negligible
influenceon the physical propertiesof the system.In this

aproximation,� the Fouriermodesof the auxiliary � field
î

are
trivially
.

relatedto thoseof � as� either �̃ k
ì ���̃

k
ì for the posi-

tive
.

states,or �̃ k
ì �����̃

k
ì for
8

the negativestates.
W
x

e now rescalethe temperatureas T
= ��� DT

= �
/
+ � D. From

the
.

definition T � � U/
+ !

S
i

and� the fact that U is an energy
density
N

independentof " whileP S
i

is
1

extensiveand thus in-
creases6 as # D,& we havethat T scales+ as $&% D. In taking the
thermodynamic
.

limit in what follows, it is convenientto
workP with thepurelyintensiveparameterT ')( that

.
is indepen-

dent
N

of * )
)
. Our partition function within the constant-sign

approximation� thentakesthe form

Z + ,.-0/ exp* 132 D4 DT 5 d
Ì 6

eC 7˜ 0
�8 D 9 :kì ;=< w> ?A@ ké B C̃ k

DE D

2
w

F GIH0J
exp* K3L D

«
M DT

= N d
Ì O

eC P˜ 0
�Q D

RTS
k
ì UWV w> XZY ké [ \̃ k] D

2

,& ^ 14_
whereP `0a is

1
a compactnotationfor the functionalmeasure

d
Ì b̃

0
� c

k d=e (
$
d
Ì f̃

k
DRâ d
Ì g̃

k
DIä )) , and where hji and� kjl representinte-

gration5 overthesubsetsof m fieldsthatareeverywhereeither
positive/ or negative.The quantitiesd

Ì
,& eC ,& andw> n are� defined

in the summaryof PaperII as

d
Ì o 1

2
p qsrut 2 vxw 1 y{zA|~} 2� ,& � 15�

eC �����
2 �s� 2 ��� 2

w �
q� � m(2 ����� 3

Î ��� 2
w �

q� � m(2 ��� ,& � 16�
w> �A� ké � ��¡ ¢ 2

w£
1 ¤{¥Z¦¨§ª© L÷ k

ì « 2
p

M
Ô

k
ì ¬ N


k
ì ®�¯±° ²

³ q� ´ Lk
ì µ 2M k

ì ¶ N


k
ì ·�¸�¹

m( ºª» . ¼ 17½
Recallthat thevaluesof theactualstrain ¾ interveningin the
probability/ distributionandin thepartitionfunctionarethose
along� the loadcurvefor which ¿WÀ�Á m( . Their formal distinc-
tion
.

only plays a role when partial derivativesof the free
ener* gy aretakento definestress.We notethenthat thevalue
ofO w> Â at� ÃWÄ�Å

m( is w> ÆZÇ�È (1
$ É

q� )
) Ê 2
w Ë

1,Ì 1 Í P(
$
k
é
)
) Î

1,Ï
1 Ð T/(1

+ Ñ{Ò
)
)

andsincewe haveshownthatP
ó

is
1

a positive-
definite
N

matrix, and that the temperatureT Ó is negative,we
havethat w> Ô /

+
T Õ in Eq. Ö 14× is strictly positive.

The symmetryof the problemunder the parity transfor-
mation® Ø inversion

1
of the radial axisÙ guarantees5 that both

integrals
1

in Eq. Ú 14Û are� equal.Accordingly, only the first
integralover positivecrackstateswill be treated.This inte-
gral5 separatesinto productsof Gaussianintegralswith the
onlyO remainingcouplingbetweenthe Fouriermodescoming
from
8

the complicatedconstraintson the integrationdomain
boundaries
2

that arewhat guaranteeÜ to
.

havethe samesign
everywhere* in real space,and Ý to

.
lie within Þ 0,1

á ß
. But in

orderO to studyany singularbehaviorof the free energy F in
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the
.

vicinity of localization,Z is determinedin the thermody-
namic limit in which both the systemsizeandmesovolume
size+ â are� takento be infinite. In this limit, the complicated
integration
1

boundsin k
é
-spaceare not relevant.The integra-

tion
.

canbe carriedout entirely on ãåä for æ̃ 0
� /
+ ç D,& and è for

each* of the variables é̃ k
ìR/
+ ê D
ë

,& ì̃ k
ìI /+ í D
ë

withoutP changingthe
result³ becausethe contributionto theseintegralsin the ther-
modynamic® limit comesfrom the immediateneighborhood
ofO î̃

0
� /
+ ï D ð 0

á
and ñ̃ k

ì /
+ ò D ó 0.

á
A
¯

technicalproof of this canbeobtainedasfollows: usingôöõ
and� ÷ as� the integration domainsproducesan upper

bound
2

for Z
7

since+ this includeseverypositivecrackfield. A
lower
f

bound can be obtainedby reducing the integration
domain
N

to a subsetof the set of all positive crack fields in
whichP 0 ø�ù̃ 0

� ú3û D
ë

and� ü
k
ì ýWþ (

$ ÿ��̃
k
ìR �������̃

k
ìI � )) 	 min® 
��̃

0
� /
+ 

2,(
p � D

ë
���̃

0
� )/) � 2

p �
. Integratingmodeby modeover this polyhedra,

the
.

result can be shownto be asymptoticallyequivalentto
the
.

resultof theupperboundin the limit where � D becomes
2

infinite.
1

This exerciseis left to the attentionof the reader.
Thus,
«

no couplingbetweenthek
é

modes® existsin thether-
modynamic® limit, and our approximationof the partition
function takesthe convenientform

Z
7 �

2
p

z� 0
� z� 1 �

k
ì ����� z� � ké � 2 � ,&  18!

whereP z� 0
� " eC #%$ Dd

&
/
' ( DT ) and�
z� 1 *

x+ ,.-%/ dxe
0 1%2 D

3
ex4 /
' 5 D
3

T 6 ,& 7 198
z� 9 ké :<;

x+ =?> dx
0

e @%A D
3

wB C (
G
k
ì

)
K
x+ 2
D
/
' E D
3

T F . G 20H
In
U

the limit IKJMLON ,& thesetwo integralsbecome

z� 1 POQ DT
= R

/
+ SUT DeC V ,& W 21

p X
z� Y ké Z<[]\ ^K_ DT

= `
/
+ aUb Dwc dfe ké gih . j 22

p k
Using
�

Eq. l 18m ,& one then obtainsthe free-energy density in
the
.

thermodynamiclimit

F
b n]o

T
= prq

ln
f

Z
7 srt D/

+ u D v d
0 wyx D

ë
T z{ D |kì }�~ ln

f � D
ë

wc ��� ké �� DT
= � .�

23
p �

The
«

contributionz� 1 has
_

vanishedin this limit dueto the fact
that
.

x� ln x� � 0 a
á

s x� � 0
á

. This is a technicalconsequenceof the
fact
8

that for statescomposedof a few singlebands,�̄ van-�
ishesin the thermodynamiclimit, ascommenteduponin the
previous/ section.

IV
!

. SYSTEM PROPERTIES AT LOCALIZATION

The remainingtask is to link this free energy to the ob-
servables+ of thesystemby taking thepartialderivativesof F

b
in
1

the limit as localizationis approached.

The two partial derivativesof primary interestare those
that
.

give the dimensionlessentropydensitys� ��� DS
i

/
+ � D and�

the
.

stress� . From PaperI, we have

� s� ��� F�
T
= � �

, � mJ and� ����� F ¢¡
T £ , ¤ mJ .

Thefreeenergy of Eq. ¥ 23¦ is rewrittenby replacingthesum
overO the wave vectors § k

ì ¨.© withP a continuous integralª D
ë

/(2
+ «

)
) D
ë ¬

0
�2  /
' ®

k d
¯

k ° 0
� ± d
0 ²

. After performingthe trivial inte-
gration5 over dk

0
weP have

F ³ d
0 ´ T µ

2
I ¶¸· ln ¹ º DT »¼ D

ë ,& ½ 24¾
whereP I is the integral

I
í ¿ ÀÂÁ

/2
'Ã /2
'

ln
f ÄÆÅ

wc Ç%È d0 É . Ê 25
p Ë

The
«

integrandwc Ì is
1

a temperature-independentstrain func-
tion
.

so that ÍÏÎ F/
+ Ð

T Ñ gives5

s� ÒÔÓ I
í
2
p Õ×Ö

2
p 1 Ø ln

f ÙyÚ D
ë

T
= ÛÜ D

,& Ý 26
p Þ

whileP from F ß U à T á s�
U â d

0 ãåä
2
p T
= æ

. ç 27
p è

Since
Õ

d
0

representsthe linear elastic responseof an intact
rock,³ andT

= é
decreases
N

from zeroto negativevaluesasdam-
age� accumulates,this expressionshowsthat the averageen-
er* gy decreasesdue to the presenceof cracks and is thus
consistent6 with the negativecurvatureof the strain/stress
load
f

curveobservedexperimentally.
Before addressinghow s� and� F ê and� their derivativesë

behave
2

at localization,we first establishthe stressand tem-
perature/ behaviorat localization.

A. Mechanical behavior at localization

Consider
ì

the stresscomponentsíïî]ð 2
p ñ

F
b

/
+ ò%ó

and� pô õö 2
p ÷

F
b

/
+ ø�ù

,& where úüû shear+ stressý and� pþ ÿ pressure/ � are� both
positive/ andrelatedto theaxial andradialstresscomponents
as�

�������
a� 	�
 r� ,& and � pþ �� a� ��� r� . � 28

p �
In
U

standardlaboratoryexperiments,theaxial stress� a� varies�
whileP the radial stress� r ��� pþ r is kept constant.The strain
components6 ��� shear+ strain� and� ��� dilatation

N  
are� similarly

relatedto the axial andradial strainas

!#"%$
a& '%( r ,& and )%*%+ a& ,%- r . . 29

p /
Using
�

the definition of wc 021 Eq.
3 4

17576 along� with the defini-
tions
.

of Lk
ì ,& M k

ì ,& andN
8

k
ì given5 in the summaryof PaperII,
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weP differentiatetheintegralI withP respectto theactualstrain
variables,� evaluatealong the load path ( ; m( <%= and� >

m(?�@ )
)
, use the definition ACB�D 3

Î E /
+ F

withP the new constantG
3
Î H�I

3
Î /
+ J

1 and� makethe changeof integrationvariableszKL tan
. M 1 N to

.
obtainexactly

OQP
I R

S
3
ÎT

1 U q� VXW�YQZ I,& [ 30
- \

]_^
I
í ` 1a

1 b q� cXdfe 2p gih�jlkQm I
í n

,& o 31
- p

whereP q� q 1 r 1/(k
s t

2
p

) is the constantassociatedwith the
exponent* k

s u
0
á

of thequencheddisorderdistribution,andthe
integral
1 vQw

I
í

is
1

defined

xzy
I { |z}

~����Q�
g�

g�
dz
�

1 � zK 2
w ,& � 32

- �

withP g� (
$ �

,& zK )) given by

g� ��� ,& zK ����� 1 ����� 2
p �

1 ����� c� ��� 1 ����� c� 2 ��  2¡ zK 4

¢�£
4 ¤#¥C¦ 4 § 1 ¨�©#ª c� «¬ zK 3

Î ®�¯
2 ° 2 ±�² 2 ³ 1 ´�µ�¶ c� 2

· 2 ¸ 2 ¹�º 1 »½¼ 2
w ¾

zK 2
w ¿�À½Á

4 Â#ÃCÄ 4 Å 1 Æ�Ç#È c� ÉÊ zK Ë 1

Ì�Í�Î 2 Ï 1 Ð�Ñ�Ò c� Ó�Ô 1 Õ�Ö#× c� 2
w ØÚÙ

2
w
. Û 33

- Ü
Thus,the shearstressandpressurecanbe written as

ÝßÞ�à 2 á 1 â�ã�äæå�ç T èé ê
3
Îë

1 ì q� íïîQð I ñ�ò�ó ,& ô 34
- õ

ö p÷ ø 2
p ùûúýü T

= þ
ÿ
1 � q� ����� 2p ���
	��� I

í �������
. � 35

- �

Theintegral ��� I is solvedusingtheresiduetheoremoncethe
roots³ zK ofO the quarticg� (

$ �
,& zK )) havebeenfound.

This quarticdecomposesinto the exactform

g� ��� ,& zK ���! zK "
#%$�&�'�(*) zK +
, * -�.�/�0 uþ 1�2 ,& zK 3 ,& 4 36
- 5

uþ 6�7 ,& zK 8�9
:<;�=�>�? zK @
ACB�D�E�F�G zK H
I * J�KML�N ,& O 37
- P

whereP the star indicatestaking the complexconjugate.The
roots Q (

$ R
)
)

and S * (
$ T

)
)

both merge to the real axis in the
approach� to localization UWVYX c4 ,& while the other two rootsZ
(
$ [

)
)

and \ * (
$ ]

)
)

remaincomplexat localization.
There
«

arethusthreesimplepoles ^ (
$ _

),
) `

(
$ a

)
)
, andi

b
con-6

tributing
.

to c�d I if the loop is closedin theupper-half zK plane/
so+ that the residuetheoremyields

egf
Ihji

k�l
g� m�npo

Imqsr�t uþ u�vpwsx 1 y
z 2
{ |~}

�g�
g� ���p�

� Im�s�*�����C�
�������C�
� * ��� 1 �
� 2
{ �

� �g� g� � ib ��
i
b �
���* 

i
b ¡
¢

* £ u¤ ¥ ib ¦ ,§ ¨ 38
- ©

whereª Im designatestaking the imaginarypart.We areinter-
ested« in evaluatingthis integral ¬ and therefore,the roots ®
and ¯ and the function ° )

±
only in the approachto localiza-

tion;
²

i.e., when ³�´Wµ
¶W·
¸ c¹ canº beconsideredsmall. In this
limit,
»

the secondand third terms of Eq. ¼ 38
½ ¾À¿

the
²

residues
from Á and i

Â
)
±

have numeratorsand denominatorsthat are
both
Ã

order0 in Ä�Å soÆ that it sufficesto know the behavior

Ç%È�É�Ê�Ë
Ì
0
Í Î
Ï

1 Ð�Ñ ,§ Ò 39
½ Ó

ÔÖÕ�×MØ�Ù
Ú
0
Í Û
Ü

1 Ý�Þ . ß 40
à á

However, the residuerelatedto â is proportionalto ãgä in
both
Ã

the numeratorand the denominatorwhich requires
knowledge
å

of this root to secondorder

æCç�è�é�ê
ë
0
Í ì
í

1 îgïWð
ñ 2
ò ó�ô 2. õ 41

à ö
The
÷

variousstrain-independentconstantsø i ,§ ù i ,§ and ú i are
all known groupingsof the elastic constantsderived from
Eqs. û 33

½ ü
,ý þ 36
½ ÿ

,ý and � 37
� �

. Thefinal resultfor theintegralafter
an� enormousalgebraicreductionis

���
I � Ic� 	 I1 
�� ,ý  42�

where� the constantsI
�

c� and� I
�

1 are� exactly

Ic� � 2 �
�

c� 2 � 1

c� 2
ò and� I1 � 2 � 2

� �
c� 2

c� 4
� . � 43�

1.
�

Stress and strain at localization

The shearstressandpressuremay be written as

� �"!
0
Í #"$ int

%
and� p& ' p& 0

( ) p& int
%

,ý
where� *

0
( +-, 2(1

� .0/
)
1 2

and� p& 0
( 3-4 2

� 576
are� the trivial lin-

ear8 variationsof theuncrackedmaterial.We havejust shown
that
9

at localization( :�;=< 0
>

), the nontrivial shearstressdue
to
9

cracksandcrack interactionis

?
c�int
% @-A 2 BDC 3

E Tc� FG
1 H qI JLK c�

M
c� 2 N 1

c� 2 O 0,
> P

44Q

while� the nontrivial pressureis

p& c�int
% R-S 2

� T
T
U

c� VW
1 X qI YLZ c� c� 2 [ 0.

> \
45
à ]

That
÷

thesecritical valuesareboth negativefollows because
T
U

c� ^`_ scaleda temperatureat localizationb is
c

negativeand d c�e
total
9

dilatation at localizationf will� soon be shown to be
negative.g Equations h 44

à i
and� j 45

à k
saya that the presenceof

cracksl hasloweredboth shearstressandpressurerelativeto
an� intact materialat the samestrain.This is indeedwhat is
observedm in experiments.

To quantify the natureof n c� ,ý we usethat the confining
pressureo p& rp is

c
a known positiveconstantin standardexperi-

mentsq on rocksso that
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p& r u-v0w7x c� y{z 1 |0}�~�� c� � T
U

c� �L� 2� ���{��� c� �"� 3
E � I� c� �

2
� �

1 � qI �L� c� . � 46
� �

T
÷
ogetherwith � c� �"� 3

E �
c� /
� �

c� ,ý this representsanequationfor�
c� ,ý
���{  1 ¡0¢¤£¦¥ c�§

3
E ¨ c�2ò © p& rp ª c� « T

U
c� ¬L 2� ®�¯{°�± c� ²"³ 3

E ´ I� c� µ¶
1 · qI ¸ ¹ 0.

>
º
47
� »

Because
¼

T
U ½

varies¾ with strain, we have that T
U

c� ¿ is
c

also a
function
À

of Á c� soa that Eq. Â 47
� Ã

is
c

more than a simple qua-
dratic
Ä

in Å c� . To obtain an order-of-magnitudeestimateof
Tc� Æ ,ý we usetheapproximatetemperatureexpressionbasedon
noninteractingcracks,

1

Tc� Ç�È-É
2
� Ê 2

d
Ë

mÌ2ò Í 1 Î qI ÏÑÐÓÒ 2 ÔÖÕ 3
E ×ÙØ

c� /
� Ú

3
E Û 2ò ÜÞÝ

c�2ò

ß
ln
à 2áâäã�å

2
� æèç

d
Ë

mÌ é c�2 êìë 2 í0î 3
E ï�ð

c� /
� ñ

3
E ò 2ò ó

qô /(1
õ ö

qô )
÷
ø 1 .

ù
48
� ú

After puttingEq. û 48ü into Eq. ý 47þ ,ý ÿ c� is numericallydeter-
mined� usingNewton’s method.Thepredicted

�
c� is
c

negative
for
À

therangeof confiningpressurep& rp ofm interestandremains
negativeg for all rangesof elasticmoduli found in rocks.The
signsa of the varioustermsin Eq. � 47� imply that the transi-
tion
9

happenswhenthe temperaturehassufficiently departed
from
À

zero,but is still negative.Typical resultsfrom the nu-

merical� evaluationareT
U

c� ����� 10	 2
ò
(

 ��

2
� �

)
1
, which confirms

the
9

rough estimategiven in Sec.V of PaperII. The typical
value¾ for � c� is a few percent;i.e., the order of magnitude
experimentally8 observedat peakstress� 7� � .

The
÷

conclusionis that at localization,both dilatation � c�
and� shear strain � c� ��� c� � c� /

� �
3
E are� negative while ��� c� �� � !

c� " . This demonstratesthat the radial strain # r $&% c� ')( c�
is positive at localization,which is also consistentwith ex-
perimentalo observations.

2. Stress, strain, and temperature derivatives at localization

W
*

e now addresshow thestressandstraincomponents,as
well� as the temperatureare changingwith the negativeof
axial� strain +-,�.&/ a0 1�2 (


 354)6
)
1
/2 at localization.

In the approachto localizationwe write 758:9 c� ;=<?> ,ý @A)B
c� C=DFE ,ý and T

U GIH
T
U

c� J�K=L T
U M

usingN the exact differential
equation8 for temperatureto define O T

U P
in
c

what follows Q notg
the
9

approximationR . Theconditionthatp& rp is
c

constantrequires
that
9

S?T U)VXW Tc� Y�Z 2 [\ ] 2 ^ c� _a` 3
E b Ic� c dfe c� g�h 3

E ikj
c� I1 l
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E { Ic� | }f~ c� ��� 3
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� � T �
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�

which� alongwith � 2
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1

2

d
Ë ¦
d
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T
÷
o obtainanexactexpressionfor dT

Ë =
/
�
d
Ë >@?

within� thecontextof havingemployedthemean-phaseapproximationA ,ý we usethe
formalism
À

of Sec.IV A of PaperI to write

B
T C U D EGF U H�IKJ

mL U M p&
2
N

T OQPSR TVU U W�XVY mL U Z
[
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0.
z
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Using
}

Eq. ~ 27
� �

for
À

U,ý we have� T � U �@� /2,
� �K�

U ��������� p& 0
� /2,
� �V�

U � (1
� ���

)
� �y�����

0
� /2,
� �K�

mL U � 0
z

, and �V�
mL U � 0

z
so thatthe

temperature
9

derivativeat localizationis given by

1

2

dT
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d
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This derivative is numerically calculatedto be finite and
negativefor therangesof elasticmoduli andradialconfining
pressureso of interest, thus indicating that the localization
transition
9

always preceedsthe phasetransition where the
temperature
9

diverges to õ�ö . Since rocks fail immediately
after� localization, the temperature-divergence transition is
not observedin rock experiments.

Last,we determinethevariationof thestresscomponents
with� axial strain ÷ at� localization.Sincep& r is

c
constant,we

have
ø

thatdp
Ë

/
�
d
Ë ùûú

d
Ë ü

/
�
d
Ë ýÿþ��

d
Ë �

a� /
�
d
Ë �

. Thesederivativesde-
fine
�

the so-called‘‘tangentmodulus’’ given by

1

2
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d
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 �

3
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2
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1 � qÖ �
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c��
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d
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�
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2 � 1 � qÖ  "! c�2ò
d
Ë #
d
Ë $

% & 1 ')(+*-, Tc� .
2 / 1 0 qÖ 1"2 c�2ò 3 3

�2ò I1

d
Ë 4
d
Ë 5 ,ý 6 53

7 8

where� the derivatives d
Ë 9

/
�
d
Ë :

,ý d
Ë ;

/
�
d
Ë <

,ý and dT
Ë =

/
�
d
Ë >

have
ø

been
?

given above.
In
@

Fig. 2, we plot how d
Ë A

/
�
d
Ë B

variesC with radialconfining
pressureo for variousvaluesof the elasticconstants.The plot
showsa that for a sufficiently large ratio of bulk to shear
modulus,the axial pressureis alwaysdecreasingat localiza-
tion,
9

which meansthat it has already passedthrough the
stressa maximum.However, for sufficientlysmallbulk moduli
and� at low confining pressures,localizationcan also occur
prioro to peak stress.Thus, peak stressand localization are
distinct
Ä

in our theory. Localization can occur in either the
hardening
ø

or softeningregimedependingon the bulk modu-
lus and confining pressure.When localizationoccursin the
softeninga regime D largebulk modulusE ,ý thestrain/stresscurve
around� peakstressis necessarilyananalytic F quadraticG H func-

À
tion,
9

whereaswhenit occursin the hardeningregime I smalla
bulk
?

moduluswith small confiningpressureJ ,ý thepeakstress
presumablyo correspondsto a sharpervariation as micro-

cracksl startto coalescealonga weakenedbandandunstable
failure setsin. Thesepredictionsareconsistentwith the ex-
perimentalo observations.

B. Entropy and its derivatives at localization

The exactresult KML I N Ic� O I1 PRQ with� Ic� and� I1 as� given
by
?

Eq. S 43T meansthat the integralI ofm Eq. U 25V is itself both
finite
�

andcontinuousin the limit as WRXZY 0
[

. Becauseit has
further
À

beenshownthat T
� \

remains] finite andcontinuousat
localization,
à

Eqs. ^ 24
� _

and� ` 26
� a

then
9

showthat both the free
ener8 gy andthe entropy b and� all of their derivativeswith re-
specta to strainc remain] finite andcontinuousas dRegf 0

[
. This

demonstrates
Ä

exactlythat the localizationtransitionis a con-
tinuous
9

phasetransitionandallowsusto classifyit asa criti-
call point.

V
h

. CORRELATION FUNCTION

A. Derivation of a diverging correlation length

The
÷

qualitativestudyof Sec.II B leadsto the conclusion
that
9

the localizationtransitionis associatedwith thecreation
ofm conjugatebandsof coherentlyorientedcracks.In this final
section,a the statistical correlation betweencracks will be
quantitativelyG addressed.

The
÷

autocorrelationfunction is definedas

G
i j

xk ,ý yl m-npoMqsr xk tvuxw yl y{z}|p~��x� xk �{�����x� yl ��� � 54
7 �

and� will bedeterminedusinga standardmethodof statistical
mechanics� � 5,6,8

7 �
. First, the Hamiltonian E

� �{���
is
c

general-
ized
c

to includeanadditionalcouplingof the local field � (
�
xk )
�

with� an aribitrary field J
�
(
�
xk )
�

coming from some external
sourcea

E
� �"�{�

,ý J� ��� E
� �{���¡ 

x¢ £�¤ d
Ë D
ë

xk J
� ¥

xk ¦v§x¨ xk © . ª 55
7 «

The partition function becomesthen a functionalof the ex-
ternal
9

field

Z ¬ J� ¡® ¯
x¢ °M±³² dË ´ x¢ µ e¶ · E

¸ ¹
[ º ,J
»

]/
¼

T ½ 56
7 ¾

and� theaveragesinvolved in Eq. ¿ 54
7 À

are� obtainedby taking
functional
À

derivativesof Z
Á Â

J
� Ã

with� respectto J
�

and� then
letting
à

the externalfield go to zero; i.e.,

ÄMÅxÆ
xk Ç�ÈÊÉ lim

à
J
» Ë

0
Ì

T
�
Z
Á

Í
Z
Á

Î
J
� Ï

xk Ð ,ý Ñ 57
7 Ò

Ó�ÔxÕ
xk Öv×sØ yl Ù�Ú}Û lim

à
J
» Ü

0
Ì

T
� 2
ò

Z
Á

Ý 2
ò
Z
Á

Þ
J
� ß

xk à{á J
� â

yl ã . ä 58
7 å

Since
æ

theoriginal Hamiltonianis mosteasilyhandledin Fou-
rier] form, the externalcouplingwill be expressedas

FIG.
ç

2. The localization value of the axial tangentmodulus
d è /
é
d ê asa function of the radial confiningpressurepë r . The three

curvesrepresentdifferentassumedbulk moduli for themineral.The
other rock propertiesare ìîí 10 J/m2,ò d

ï
mð ñ 10 ò m, óõô 15 GPa,

andqö ÷ 3/4.
ø
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where� the superscriptsR and� I refer onceagain to the real
and� imaginary parts of a complex quantity. The functional
derivatives
Ä

relative to J
�
(
�
x� )
�

must thenbe expressedby their
counterpartsl in Fourierspace,

��
J
� �

x� �! "
k
 #�$&%�'

0
	 (

)
J
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k
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J
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E F

The
÷

modifiedpartition functionwill againbedeterminedus-
ing
c

theconstant-signapproximation,but now thepresenceof
the
9

externalfield breaksthesymmetrybetweenthesumover
positiveo andnegativecrackfields,so thatboth termsneedto
be
?

kept in the generalizationof Eq. G 14H . This leads to a
slightlya morecomplicatedversionof Eq. I 18J for

À
theexpres-

siona of Z in the thermodynamiclimit

Z
K L

zK 0
	 zK 1MON

k
 P�QSR zK RT!U k; V zK IW!X k; Y[Z]\ zK 1̂O_

k
 `�acb zK Rdfe k; g zK Ihfi k; j[k ,ýl

61
E m

where� zK 0
	 is againthe trivial intact term,andwhere

zK 1n�o
xp qsrut dx

Ë
e v (
w
ex y D z J

{̃
0
| )} xp ]/~ � DT � ,ý � 62

E �

zK R
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e � [ � 2
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J
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k
�R� xp �u� D

�
w� � (
w
k


)
}
xp 2
�
]/
~ � D
�

T � ,ý � 63
E �

with� zK I
� � (
�
k
;
)
�

havingthesameform aszK R
� � (
�
k
;
)
�

afterreplacingJ
�̃

k
R

with� J
�̃

k
I . In the following, the forms implying derivatives

with� respectto J
�̃

k
I are� to be implicitly understoodashaving

the
9

sameformsastheir counterpartswith respectto J
�̃

k
R � these
9

imaginary
c

componentswill not be explicitly written out� .
The
÷

integralsareeasilyperformedgiving
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ë

T
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/
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Thefirst derivativesof Z with� respectto theexternalfield are
then
9

À
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k
îRõ D

ë ö
D
ë

w² ÷!ø kù ú T� û�ü zK R
� ýfþ kù ÿ zK I

� � � kù ���
�

zK 1� �
k
î �
	 2

�
J
ỗ
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E �
Letting the external field go to zero, both of theseterms
disappear
Ä

, so that usingthe chainrule of Eq. � 60
E �

,ý the aver-
age� of thecrackvariable  at� anypoint x! in a mesovolumeis
given¥ by Eq. " 57

7 #
to
9

be $ %'& x! (*),+ 0.
[

As
-

expected,there is no spontaneoussymmetry breaking
prioro to the transition.

Consequently
.

, theautocorrelationfunctionreducesto only
the
9

secondderivativesof Z in Eq. / 58
7 0

. Dif ferentiatingEqs.1
66
E 2

– 3 67
E 4

with� respectto J
ỗ

0
	 ,ý J
ỗ

k
î 5R and� J

ỗ
k
î 6I ,ý and taking the

limit
à
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ô

goes¥ uniformly to zero leadsto
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ỗ

k
î ?I @ 1

w A�B kù CED
1

w FEG kù H
2Z0
	 I

kk
î JK D L DT
� M ,ý

N 2Z
O

P
J
ỗ
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O

0
	 V Z
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0
[ X

is
c

the original partition function without
external8 source.All the remainingcross derivativesgo to
zero,
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Through the chain rules of Eq. f 60
E g

,ý theseequalitiesshow
that
9

the autocorrelationfunction hasthe form G
h

(
i
x! ;yj )

k l
G
h

(
i
x!m yj )

k
due to the symmetryof the problemundertranslation

for
À

an infinite system. The Fourier transform G
h

(
i
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k
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k
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î eU ik
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(
r
xs t yu )

v
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ù �

0
[

. ThespecialvalueG
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	 � 2
� � 3

�
DT
� � 3� /� eU 3

� �
3
�

D does
Ä

not
playo any role in the thermodynamiclimit.

In real space,the autocorrelationfunction is obtainedby
an� inverseFourier transform:
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Using
�

G
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k
ù
)
k  

G
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i
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)
k

which is a consequenceof w ¡ being
¢£ -periodic functions, and working in polar coordinatesx!¤ (

i
x¥ ,¦ § x¨ )k and k

ù ©
(
i
k
ª
,¦ « )
k
, the angularintegral is divided into
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¬

symmetricdomainswhich gives
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For
	

x¥ 
�� ,¦ this integral is dominatedby a neighborhoodof����
x¨ ��� /2,

�
of angularsize c� 1� /

�
x¥ with� c� 1 aÌ constantof

orderÍ unity. The function G
h˜ (
i �

)
k

is almostconstantover this
smallð neighborhood,and this integral can be well approxi-
matedas
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asymptoticstudy of this oscillating integral for u) N 1
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i j

givesk the real spaceautocorrelationfunction in the form

G
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x¨ r
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i u

This establishesthatalonganydirection,theautocorrelations
decay
'

as v /
�
x¥ w for
x

two pointsseparatedby a significantnum-
ber
¢

of grains,x¥ y{z ).
k

Concerning
.

the angulardependenceof G
h

,¦ the symmetry
ofÍ the systemunder parity leads to w | (

i }
)
k ~

w � (
i �

/2
� ���

)
k�

which� can also be verified directly from the definitionsof
w � andÌ the dependenciesof Lk

î ,¦ M k
î ,¦ N� k

î onÍ u) k
î � cos(2À � )k and�

k
î � sin(2ð � )k given in paperII, togetherwith the fact that the

parity� symmetrykeeps� constantÀ but changesthesignof u) ].
�

This,
�

along with the � periodicity� of w � ,¦ showsthat G
h

is
�

symmetricð underparity; i.e., G
h

(
i
x¥ ,¦ � /2

� ���
x¨ )k � G

h
(
i
x¥ ,¦ � x¨ ).k

The
�

angular dependenceis best shown by considering
curvesÀ of isocorrelationsG

h
(
i
x¥ ,¦ � x¨ )k � c� 3

� ,¦ wherec� 3
� is constant

alongÌ a curve.Suchcurvesobey x¥ �{� h
R

(
i �

x¨ )/k c� 3
� . The direct

studyð of the function w � showsð that it admits quadratic
maxima along the directions �]�c ¢¡¤£ ,¦ scaling as max(w ¥ )

k
¦ w § (

i ¨ª©]«¬]®
)
k ¯{°

a± (
i ²´³

)
k 2 when� the transition is approached,

where� a± is
�

a positiveconstant.This comesfrom the fact that
E int is degenerateexclusively for the critical angles µ]¶ , a¦ t
reducedstrain · c¸ . Outsidea small neighborhoodof ¹]ºc»¢¼¾½ ,¦
w ¿ remainsÀ bounded.The definition of h

R
andÌ the exchange

underÁ parity of w Â showsð then that such an isocorrelation
curveÀ hasfour branchesÃ spikesð Ä alongÌ the directions Å�Æ]ÇÈ�É

/2,
�

whoseextent Ê diver
'

ge to Ë�Ì asÌ
Í]Î

2
æ ÏÑÐÓÒ

T
� ÔÖÕ c� 2

ac× 3
� ØÙ cÚ ÛÑÜÞÝ�ß 2 à c� 4
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cÚ ç{èêé�ë 2. ì 72

i í

The
�

fact that w î remainsÀ boundedoutsideany small neigh-
borhood
¢

of ï]ðcñ¢ò¾ó alsoÌ means that the width ô ofÍ the
branches
¢

remains finite; i.e., that the aspectratio of the
branches
¢ õ

/
ö ÷

alsoÌ diverges as ( ø cù ú{û )
k ü 2
�
. This is qualita-

tively
¬

illustratedin Fig. 3. This predictioncanbe interpreted
asÌ correspondingto the formationof clustersof microcracks
havingaspectratios ý /

ö þ
that
¬

diverge as the cracksorganize
into long thin structuresalong which the samplewill ulti-
mately� fail to form theexperimentallyobservedshearbands.

B. Experimental measurement of ÿ
It would certainlybedesirableto havedirectexperimental

verification� of whetherthecrackbandshaveaspectratio that
diver
'

ge as1/(� cù ��� )
k 2
�
. Unfortunately, therearemanypracti-

calÀ problemsthat havepreventedthe direct measurementof
the
¬

autocorrelationfunctionof cracksin materialslike rocks.
W
�

e commenthereon threetypesof measurementsthateither
have or could be used to quantify the autocorrelation.

FIG. 3. Form of an isoautocorrelationcurve in the approachto
the localizationtransition.
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First, following ideasusedby Davy and Bonnet � 9�  in
interpretingtheir sandboxshearexperiments,one can mea-
sureð the local deformationof a largesampleby coveringthe
surfaceð with pixels and monitoring the shearstrain of each
pixel.� The total shearstrain of the systemis then approxi-
matedby taking the averageover the surfacepixels. If the
systemð deformationis plottedasa functionof thepixel size,
it
�

is expectedthatwhenthepixelsaresmallerthantheemer-
gentk bandstructures,thesystemdeformationwill decreaseas
aÌ power law of increasingpixel size as was observedby
Bonnet
�

andDavy. However, at a particularpixel sizethereis
aÌ crossoverto a constantsystemdeformationas pixel size
increases.The pixel sizeat the crossoverpoint is at leastan
indirect
�

measurementof the correlation length � aboveÌ
which� a volume-averageddescriptionof the systemholds
with� propertiesindependentof the pixel size.

Second,
�

a direct measurementof the autocorrelationbe-
tween
¬

cracks can in principle be obtained via acoustic-
emissions� monitoring � 10� . However, the presentresolution
ofÍ this method � millimeters in centimeter-scalespecimens�
andÌ the difficulty in determingthe mode of the individual
crackÀ eventspreventshavinga satisfactorysamplingfor sta-
tistical
¬

analysis.It seemsthat improvementson thesepresent
limitations arepossible.

Last,
�

by analogywith the probingof spin populationsby
electromagnetic� wavesto study the ferro/paramagnetictran-
sitions,ð it should be possible to send plane sound waves
through
¬

a systemandmeasurethescatteringcrosssectionas
the
¬

wavesscatterfrom the structureof the evolving micro-
crackÀ population.We havenot yet obtainedtherigorouscon-
nectionbetweensucha measuredcrosssectionandthe Fou-
rier transformof our autocorrelationfunction;however, such
aÌ relation almostcertainly exists.No experimentalattempts
to
¬

measurethe correlationfunction of cracking systemsin
this
¬

mannerhasbeenattemptedto our knowledge.

VI. CONCLUSION

W
�

e now summarize the principal results that have
emer� ged in our study. First, we havedemonstratedthat at a
well-defined� strain point ����� cù ,¦ thin bandsof coherently
orientedÍ crackscan be addedto the systemat no energetic
cost.À Suchlocalizedstructuresbreakthe symmetrythat held
when� �����

cù andÌ correspondto a phasetransition that we
namedthe‘‘localizationtransition.’’ It wasdemonstratedthat

the
¬

freeenergy F andÌ entropyof thesystemremaincontinu-
ousÍ and finite at the localization transition which justifies
callingÀ it a critical-point phenomena.Such continuity also
demonstrates
'

that the stress/strainbehavior of the rock is
entirely� analytic up to and including localization.The only
diver
'

genceat localization is in the secondderivativesof F
with� respectto the externalfield J

ô
. The consequenceis that

the
¬

correlation length  aspectÌ ratio! ofÍ the emergent-crack
clustersÀ divergesas ( " cù #�$ )

k % 2. Presumably, if the ‘‘mean-
phase’� ’ approximationhad not been invoked and if order-
parameter� contributionsproportional to & 3

'
andÌ higher had

been
¢

retainedin the Hamiltonianthrougha renormalization
scheme,ð thena nontrivial exponenton this scalinglaw might
emer� ge.

Themechanicalbehaviorof thesystemat localizationex-
hibits
(

many qualities observedin actual experimentson
rocks.À First, thestresscomponentsat localizationarereduced
relative to their valuesif the rock had remainedintact. The
total
¬

dilatation ) cù remainsÀ negative at localization, even
though
¬

the radial strain is positive. With radial confining
stressð kept constant,the tangentmoduli d

* +
/
ö
d
* ,

are,Ì most
normally- , negativeat localization indicating that the load
curveÀ has already gone through a smooth quadraticpeak
stressð prior to localization.Nonetheless,for rockswith a suf-
ficiently
.

low bulk modulusandat sufficiently low confining
pressures,� thelocalizationcanoccurin thehardeningregime,
presumably� followed by a sharppeakstresscorrespondingto
the
¬

unstablecoalescenceof cracksasthesamplefails alonga
shearð band.Theseresultsare consistentwith what experi-
mentalists/ observe.

Using
�

theexactdifferentialequationthatcontrolsthetem-
perature� in the theory, it hasbeendemonstratedthat the tem-
perature� is becomingevenmorenegativeat localizationthat
means/ that the temperatureis always finite at localization.
Unfortunately
�

, theexactvalueT
0

cù ofÍ thetemperatureat local-
ization
�

is difficult to obtainbecauseit is a resultof integrat-
ing the differential equationfrom the initial conditions.Al-
though
¬

this couldbedonenumerically, we haveinsteadused
anÌ approximatevalueof T

0
cù based
¢

on a noninteractingcrack
model.

By far the most important signatureof the localization
transition
¬

is the divergenceof the aspectratio of the crack
clusters.À As reported,no definitiveexperimentalwork hasyet
been
¢

performedto test this predictionandwe hopethat ex-
perimentalists� takethis asa challenge.
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