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Géosciences� Rennes, Université de
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This
�

is thefirst of a seriesof threearticlesthattreatsfracturelocalizationasa critical phenomenon.This first
article� establishesa statisticalmechanicsbasedon ensembleaverageswhenfluctuationsthroughtime play no
role in definingthe ensemble.Ensemblesareobtainedby dividing a hugerock sampleinto manymesoscopic
volumes.� Becauserocksarea disorderedcollectionof grainsin cohesivecontact,we expectthat onceshear
strain	 is appliedandcracksbeginto arrivein thesystem,themesoscopicvolumeswill havea wide distribution
of
 different crack states.Thesemesoscopicvolumesare the membersof our ensembles.We determinethe
probability� of observinga mesoscopicvolumeto be in a given crackstateby maximizingShannon’s measure
of
 the emergent-crackdisordersubjectto constraintscomingfrom the energy balanceof brittle fracture.The
laws
�

of thermodynamics,the partition function, and the quantificationof temperatureare obtainedfor such
cracking systems.
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I. INTRODUCTION

When
�

rocks and other disordered-solidmaterialsare in
compression� and then have an additional deviatoric strain
applied� to them, small stablecracks irreversibly appearat
random� throughoutthe material. Each time the deviatoric
strain� is increased,more cracksappear. In the softeningre-
gime� following peakstress,a samplewill unstablyfail along
a� planelocalizedat an anglerelative to the principal-stress
direction.
�

We have accumulatedevidencesuggestingthat
such� localizationis a continuousphasetransition.

This is the first of threearticlesthat developsa statistical
mechanics� that allows the possiblephasetransitions in a
cracking� solid to be investigated.Many studies have as-
sumed� that, fracture is a thermally-activatedprocessand
haveuseda statisticalmechanicsbasedon thermalfluctua-
tions
� �

1–5� . However, our interesthereis with ‘‘brittle frac-
ture’
�

’ in which cracksappearirreversiblyandin which ther-
mal fluctuationsplay no role. For this problem,the statistics
of� the fractureprocessis entirely dueto the initial quenched
disorder
�

in the system.
A
 

considerableliterature has developed for so-called
‘‘breakdown’’ phenomenain systemshavingquencheddisor-
der
�

and zero temperature! 6–
"

23# . In particular, the burned-
fuse
$ %

6–8
" &

,' spring-network( 9–1
)

1* and� fiber-bundle + 12–17,
analog� modelsfor fracturehaveall beenshownto yield vari-
ous� types of scaling laws prior to the point of breakdown-
18–23. . Our work is different in that we directly treat the

fracture
$

problem / not0 an analogmodel of it 1 assuming� that
all� of thestatisticsis dueto quencheddisorder. We obtainthe
probability2 of emergentdamagestatesby maximizingShan-
non’s entropy subject to appropriateconstraints.This ap-

proach2 hasrecentlybeenprovenexactin the specialcaseof
fiber
3

bundles4 24
5 6

.
The
7

principal conclusionof our presenttheoryis thatat a
critical-strain� point, there is a continuousphasetransition
from stateswherecracksare uniformly distributedto states
where8 coherentlyorientedcracksaregroupedinto conjugate
bands.
9

Severalfacts justify classifyingsuchbandformation
as� a critical phenomenon.

First, the localizationof the cracksinto bandsspontane-
ously� breaksboth therotationalandtranslationalsymmetries
of� the material even though our model Hamiltonian pre-
serves� thesesamesymmetries.The entropyof the material
remainscontinuousand the ensembleof the most probable
states� becomesdegenerateat the localizationtransition;i.e.,
prior2 to localization, the most probablestate is the intact
state,� while right at the transition,certainbandedstatesac-
quire: the sameprobability as the intact state.Further, an
autocorrelation� lengthassociatedwith the aspectratio of the
emer; gent-crackbandsdivergesin theapproachto thecritical
point.2 Unfortunately, quantitativelaboratory measurements
of� how the bandsof crackscoalesceandevolve in sizeand
shape� prior to the final localization point do not presently
exist.; We speculatein the third article of this serieson how
such� measurementsmight be performed.

Our
<

explanationof localizationbasedon the physicsof
interactingcracksis distinct from the bifurcationanalysisof
Rudnicki
=

and Rice > 25
5 ?

in
@

which localization is a conse-
quence: of a proposedphenomenologicalelasto-plasticity
law. Our work providesa methodfor obtainingsucha plas-
ticity
�

law from the underlyingphysics.

II.
A

THE PROBABILISTIC NATURE OF THE FRACTURE
PROBLEM

Rocks are a disorderedcollection of grains in cohesive
contact.� The grainshavevarying shapesandsizeswith typi-
cal� grain sizesin the rangeof 10–100 B m but sometimes
considerably� larger. Thecontactsbetweenthegrainsaregen-
erally; weakerthanthe grainsthemselvesandhavestrengths
and� geometriesthatvary from onecontactto thenext.When
deviatoric
� C

i.e., shearD strain� is appliedto a rock, grain con-
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tacts
�

beginto break.In what follows, a brokengrain contact
will8 be called a ‘‘crack.’’ Sucha breakis a stress-activated
irreversible
@

process.Oncea grain contactis broken,thereis
no0 significant healing that occurs.Cracksare not arriving
and� disappearingdueto thermalfluctuations.This fact makes
our� definition of statistical ensemblesquite different from
that
�

in the usualapplicationof statisticalmechanicsto mo-
lecularsystems,aswe now go on to discuss.

A.
P

Creating a statistical ensemble

W
�

e imagine dividing a huge Q formally infiniteR system�
into mesoscopicvolumes that will be called ‘‘mesovol-
umes.’S ’ Becausethe materialsof interestherehavea wide
range� of grain-scaledisorder, manydifferentcrackstateswill
emer; ge in the various mesovolumesonce energy has been
put2 into thesystemandcrackingbegins.Thesevariousmeso-
volumesT and the crack statesthey containcomprisethe en-
sembles� in our theory.

In orderto bespecificwith our ideas,we now introducea
simple� model of the initial disorder and emergent-crack
states.� Thepurposeof this specialmodelin thepresentpaper
is to motivate how ensemblesare formed; however, the
modelHamiltoniandevelopedin PaperII will bebasedupon
it.
@

In
U

themodel,eachmesovolumeis dividedinto N
V

identical
@

cells,� wherea cell hasdimensionson theorderof a grainsize
and� whereN

V
is
@

a largenumbersuchas102D or� morewith D
W

the
�

system’s dimension.In each cell, only a single grain
contact� is allowed to break.The local order parameterX ex-;
plicitly2 definedin PaperII Y characterizes� boththeorientation
and� the lengthof sucha brokengrain contact.In the present
paper2 , an order-parameterdescriptionis not yet necessary.
Prior to breaking,all cells are assumedto have the same
elastic; moduli.

The
7

quencheddisorderis in how the grain-contactbreak-
ing energy Z (

[
x\ )
]

is distributedin thecellsx\ of� a mesovolume.
W
�

e assumethat only a fraction of the nominalgrain-contact
area� is actually cementedtogether, and that the degreeof
cementation� from one contactto the next is random.Thus,
the
�

breakingenergies ^ (
[
x\ )
]

are random variablesindepen-
dently
�

sampledfrom a distribution _ (
[ `

)
]

having supportona
0,
b c

d
d D
e f

1g where8 h is
@

thesurface-energy densityof themin-
eral,; d

d
is thenominallineardimensionof a graincontact,and

d
d D i 1 is

@
the grain-contact area in D

W
dimensions.
�

The
quenched-disorder: distribution j (

[ k
)
]

can haveany assumed
form.
$

W
�

e now definean infinite collectionof distinct mesovol-
umesS by allowing for everyconceivableway that l (

[
x\ )
]

may
be
9

distributedin a mesovolume.Putting this collection to-
gether� forms the infinite rock masswhosepropertieswe are
interestedin determining.Eachmesovolumeso definedis a
deterministic
�

system and upon slowly applying the same
strain� tensor m to

�
all the mesovolumes,eachwill undergo a

deterministic
�

crackingscenarioandendup in a well-defined
crack� state.We denoteeachof thepossiblefinal crackstates
with8 an index j

n
. A principal goal of the presentpaperis to

obtain� the occupationprobabilitiespo j
p of� thesevariouscrack

states� thataresimply the fractionof themesovolumesin the
system� that are in the statej

n
.

W
�

e can understandhow the variouscrack statesemerge
by
9

appealingto a form of Griffith’s q 26
5 r

criterion.� A cell will
break
9

only if thechangein theelasticenergy dueto thebreak
is
@

greaterthanor equalto thebond-breakingenergy s (
[
x\ ).
]

If
C
t

au is theeffectiveelastic-stiffnesstensorof theentiremeso-
volumeT that holds after the break occursand if C

t
b
v is the

stif� fnesstensorthatheldbeforethebreak,Griffith’s criterion
can� be stated,

w D x : y Ct b
v z C

t
au { : | /2} ~��

,' � 1�

where8 � is the strain tensorcharacterizingthe entire meso-
volumeT at the momentof the breakand � D

e
is
@

the volumeof
a� mesovolume.This particularstatementis anapproximation
based
9

on anassumedlinearelasticityandabsenceof residual
strain� afterunloading,but a generalstatementwill bederived
in
@

Sec.III B. Sincethe mesovolumewith an extra crack is
morecompliantthanwithout it, the weakestcells will begin
to
�

breakevenafter the slightestof appliedstrain.
Y
�

et an emergent-crackstate is not just a trivial conse-
quence: of the � (

[
x\ )
]

distribution in a mesovolume.Cracks
aligned� along bandsconcentratestressallowing even large
barriers
9 �

(
[
x\ )
]

to be overtakenalongthe band.In the present
model,this meansthat placingcracksalongbandsproduces
a� largerchangein theelasticmoduli of themesovolumethan
placing2 cracks in more random positions. Thus, at least
above� someappliedstrainlevel, we expectthebandedstates
to
�

emerge asthe onesthat aresignificantlypresentin a rock
system.� Nonbandedstatesat largestrainaremuchmorespe-
cial.� They can comeonly from mesovolumesin which the
weak8 cells makingup the stateareall surroundedby strong
cells.�

A
 

key ideahereis thateachmesovolumeembeddedin the
system� experiencesthe sameglobal strain tensor and, as
such,� has a crack state statistically independentfrom the
other� mesovolumes.This is only valid so long as the emer-
gent� bandsof organizedcrackshavea dimension � that

�
is

small� relative to the size � of� the mesovolume.Screening
ef; fectsdueto destructivestraininteractionsbetweenincoher-
ently; orientedcrackscausethe far-field strain from a local
crack� structureto fall off with distancer even; morerapidly
than
�

the( � /
}
r)
] D
e

fall off in an uncrackedmaterial.But evenin
the
�

thermodynamiclimit of infinite systemsizes,therequired
statistical� independenceof the mesovolumesbreaksdown
right� at the critical strain where divergent bandsof cracks
become
9

important. The conclusion is that although our
ensemble-based; statisticsis valid in theapproachto localiza-
tion,
�

it is incapable of describing the post-localization
physics.2

B. Macroscopic observables

In
U

the laboratory experimentsto which we apply our
theory
�

, a sampleis immersedin a reservoirfrom which either
uniformS stressor strainconditionscanbeappliedto thesam-
ple’2 s exteriorsurface��� . Themacroscopicstraintensor � is

@
defined
�

in termsof the displacementu� at� pointson ��� as�
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��� 1

LD
e ��� nudS

d �
2�

where8 n� is
@

the outwardnormal to the sample’s surfaceand
L
� D is

@
the volumeof the samplein D

W
dimensions.
�

This defi-
nition0 of deformationthus correspondsto the volume aver-
age� of the local deformationtensor u� (

[
x\ )
]

definedat interior
points2 x\ of� thesample.It will soonbeshownto beconjugate
to
�

the macroscopicstresstensor � in
@

the expressionfor the
work8 carriedout on the sample.If strain   rather� thanstress¡
is
@

the control variable,the displacementsat points x\ of� the
external; surface¢¤£ are� given by u� ¥ x\ ¦ .

As shown in Fig. 1, a typical compressionexperiment
starts� with thesamplein a purehydrostaticpressurestateand
then
�

systematicallyincreasesthe deformationin the axial
direction,
�

keepingthe radial ‘‘confining’’ pressurepo c§ con-�
stant.� Other ways of controlling the radial stressduring the
experiment; are to keep a constantratio betweenaxial and
radial stress,or to imposea constantradial deformation.So
long
¨

astheconfiningpressuredoesnot becomesolargeasto
induce
@

a brittle-to-ductile transition © 28
5 ª

,' thesevarious ex-
periments2 all resultin thesametypeof localizedstructureat
large axial strains.When axial strain is monotonically in-
creased,� cracksarriveat eachstrainincrementandthedefor-
mation� andstresschangesarerelatedas

d
d «�¬ d

d 
d
d ® :d

d ¯�°
D:d
d ±

,' ² 3³ ´

where8 thefourth-ordertensorD is calledthetangent-stiffness
tensor
�

. This tensordefinesthe slopesbetweenthe various
stress� and strain componentsas the sampleis being loaded
and� is an experimentalobservable.

If at somepoint in the stresshistory the axial pressureis
reduced,� we follow a different deformationpath as seenin

the
�

figuredueto thefact thatno newcracksarecreated.Such
an� unloadingexperimentdefinesthe elastic µ or� secant¶ stif� f-
nesstensorC

t
,'

d
d ·¹¸

C
t

:d
d º

. » 4¼ ½

W
�

e model the unloading/reloadingpathsas being entirely
reversible� andin sodoingneglectthesmallhysteresisdueto
friction
$

alongthe openedcracks.
In orderto distinguishloadingpaths ¾ with8 crackcreation¿

from unloadingpaths À without8 crackcreationÁ ,' all properties
are� explicitly taken to depend on two strain variables;
namely, the maximum strain Â mÃ having beenapplied to a
sample,� and the current strain Ä that

�
is different than the

maximum only if the sample has been subsequentlyun-
loaded.
¨

Note that even if Å and� Æ
mÃ are� written as tensors,

they
�

eachcorrespondto only one scalardegreeof freedom
along� the loading/unloadingpaths,since the radial compo-
nents0 canalwaysbe expressedin termsof the axial compo-
nents via the type of radial control employed Ç e.g.,; po c§È const� in a standardtriaxial testÉ .

The stresstensor Ê corresponds� to the volumeaverageof
the
�

local stresstensorT
Ë

(
[
x\ )
]

that satisfies T
Ë

(
[
x\ )
] Ì

0
Í

at� inte-
rior� pointsx\ ; i.e., Î�Ï L

� Ð D ÑÓÒ T
Ë

(
[
x\ )
]
dV
d

and� is a functionof the
current� andmaximumstrainsÔ�Õ×Ö ([ Ø ,' Ù mÃ )

]
as shownin Fig. 1.

By
Ú

averagingthe elastostaticidentity (
[
T
Ë

x\ )
] Û

T
Ë

over� the
mesovolumewe further havethat Ü�Ý L Þ D ßáàãâ n Tx\ dS

d
.

The
7

work density dU
d

performed2 on the samplewhen
there
�

is an incrementin straind
d ä

is
@

in both casesof loading
and� unloading

dU
d å 1

LD
e æãç n T d

d
u� dS
d è

5
é ê

ë×ì :d
d í

. î 6" ï

T
7
o obtain Eq. ð 6" ñ from

$ ò
5
é ó

,' we havewritten the controlled
displacements
�

on a sample’s surfaceasd
d

u� ô x\ d
d õ

where8 the
strain� incrementd

d ö
is
@

uniform over ÷¤ø . Thus, dU
d

corre-�
sponds� to the volume averageof the local work density
T
Ë

(
[
x\ ):
]

d
d

u� (
[
x\ ).
]

The
7

total energy U per2 unit samplevolumethat goesinto
the
�

sampleduringtheloadingup to a maximumstraintensorù
mÃ is
@

then

U úüû mÃ ýÿþ �
0
�
�

m� �����
	 ,' �
�� :dd �
� ,' � 7� �
where8 �

0
� is
@

the strain associatedwith the initial isotropic
stress.� If after loadingto � mÃ ,' thesampleis unloadedbackto
a� currentstrainof � ,' we havethe generalexpression

U ��� ,' � mÃ ��� U �� mÃ !�" #
m�
$&%�'�(*)

,' + mÃ , :dd -
. . / 80 1
If the sampleis unloadedback to the initial stress,corre-
sponding� to a possibly nonzeroresidual strain 2 res,' a last
experimental; observableis the energy Q

3
(
[ 4

mÃ )
] 5

U(
[ 6 res7 ,' 8 mÃ )

]

FIG. 1. Stress-straindata courtesyof David Lockner of the
USGSMenlo Park.The slopemeasuredupon loading a sampleis
definedby D

9
while: that measureduponunloadingand/orreloading

the sampleis definedby C
;

.
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?
per2 unit samplevolume@ that

�
went into crack creationand

that
�

is lost during the loadingprocess.

C.
;

Ergodic hypothesis

W
�

e haveshownabovethat theexperimentallymeasurable
variablesT of energy density U,' deformation A ,' and applied
stress� B correspond� to volumeaveragesof eachfield through-
out� a system.Our ergodic hypothesisamountsto assuming
that
�

thesystemswe work with aresufficiently largethatsuch
volumeT averagescanbe replacedby ensembleaverages

U CED
j
p po j

p EF j
p ,' GIHKJ

j
p po j

p L
j
p ,' M�NKO

j
p po j

p P
j
p . Q 9) R

Here,
S

E
F

j
p is
@

the averagework per unit mesovolumerequired
to
�

take an initially uncrackedmesovolumefrom zero strain
to
�

the strain tensor T j
p . A similar definition holds for U j

p . In
both
9

the definition of E j
p and� V

j
p W dE

d
j
p /
}
d
d X

j
p ,' the averageis

over� the initial quenched-disorderdistribution.
So
Y

long as eachmesovolumecontainscrack statesthat
have no significant influenceon the neighboringmesovol-
umesS Z formally valid only in the thermodynamiclimit [ ,' the
sum� over the collection of mesovolumes\ ensemble; averag-
ing
@ ]

is
@

equivalentto a volumeintegralovertheentiresystem.
In practice,we will only everconsiderensemblesthat have
by
9

definition ^ j
p _a` ; however, we could equivantlyimmerse

each; mesovolumein a uniform stress-tensorreservoirand
allow� b

j
p to
�

vary from stateto state.

III. THERMODYNAMICS OF CRACK POPULATIONS

A. Fundamental postulate

The fracture-mechanicsproblem of counting how many
of� the initial mesovolumescanbeled to thesamecrackstate
appears� to be hopelesslyintractable.Fortunately, it alsoap-
pears2 to be unnecessaryfor systems containing initial
quenched: disorder. Uponputtingdeviatoricstrainenergy into
such� a system,the emergent-crackstatesj

n
will,8 on the one

hand,
c

attemptto mirror this quencheddisorderwith weakest
cells� breakingfirst; however, due to the energetics of the
crack� interactions,many different typesof initial mesovol-
umesS may be led to the samecrack statewhich resultsin
nonuniformcrack-stateprobabilitiespo j

p even; if thequenched-
disorder
�

distribution is uniform.
W
�

e stateour fundamentalpostulateasfollows: The
d

prob-
abilitye p j

p off observing a mesovolume to be in crack state j
cang be determined by maximizing Shannon’s [27] measure of
disor
d

der

S
h iEjEk

j
p po j

p ln po j
p ,' l 10m

subjectn to constraints involving the macroscopic observables
thato derive from the energetics of the fracture mechanics.
That entropyis to be maximizedcan be expectedsincethe
quenched: disorderallows all statesto be presentin a suffi-
ciently� large system.In recentwork p 24

5 q
,' we havedemon-

strated� that this postulateyields exactresultsfor the special
case� of fiber bundleswith global-loadsharing.

The constraintsarewhat give the dimensionlessfunction
S
h

defined
�

by Eq. r 10s all� the thermodynamicinformation
about� our cracking systemand must explicitly involve the
independentvariablesof S

h
. Such independentvariablesare

determined
�

by establishingthe first law of thermodynamics
for
$

a systemcrackingin compressiveshear.

B. The work of creating a crack state

T
7
o obtain the first law, it is first necessaryto definethe

detailed
�

energy balancefor eachcrack stateand to under-
stand� how the work E j

p requiredto createstatej
n

depends
�

on
both
9

theactualstrain t and� on themaximum-achievedstrainu
mÃ .

1. Griffith’s criterion and crack-state energy

Consider
v

a given mesovolumewith a deterministicdistri-
bution
9

of breakingenergies w (
[
x\ )
]

assignedto eachcell x\ of�
the
�

mesovolume.Startingfrom a stateof isotropicstrain x 0
y ,'

we8 slowly applyanadditionalaxial deformationandmonitor
how onecrackafteranotherentersthemesovolumeuntil the
final
3

straintensor z and� final crackstatej
n

are� arrivedat. Lets
say� that this statej

n
hasa total of { cracks� associatedwith it.

Figure
|

2 detailsthe history of how the stress} and,� there-
fore,
$

work~ might� evolvein the mesovolumeasstrain is ap-
plied2 andcracksarrive. Initially, the mesovolumewill elas-
tically
�

deformaccordingto thestiffnesstensorC
t

0
y � no0 cracks

yet� present� untilS thefirst crackarrivesat thestraintensor � 1
with8 anassociateddrop in themesovolume’s stress.Letssay
the
�

bond-breakingenergy of this first crack was � 1. The
mesovolume� will now havea differentoverall stiffnessten-
sor� C

t
1 and� will elastically deform with thesenew moduli

untilS the secondcrack arrivesand so on until all � cracks�
haveenteredandthe mesovolumehasattainedits final stiff-
ness0 tensorof C

t
j
p � C

t �
. Thefinal tensorC

t
j
p depends
�

on both
the
�

locationandorientationof these� cracks� in additionto
their
�

number.
At
 

some intermediatestagehaving n� cracks,� the stress
tensor
� �

n� ([ � )] is definedby integratingd
d ���

C
t

n� ([ �*� ):] d
d �*�

from�
n�res� to

� �
,' where � n�res� is the ‘‘residual’’ deformationobserved

uponS unloadingthe sampleback to zero stressas shownin
the
�

figure.We have

FIG. 2. The heavy line is the actualpath followed during the
steadyapplicationof axial strain.Eachvertical drop in stresscor-
respondsto the arrival of a crack.

RENAUD TOUSSAINTAND STEVEN R. PRIDE PHYSICAL REVIEW E 66,� 036135 � 2002
H �

036135-4



�
n� ������� �

n�res

 
C
t

n� :d
d ¡*¢

. £ 11¤
The elasticenergy densitycorrespondingto this stateat de-
formation
$ ¥

is
@

similarly

En�el¦ §�¨�©�ª En�res� « ¬
n�res

E®
n� ¯�°*±�² :dd ³
´ ,' µ 12¶

where8 En�res representstheresidualelasticenergy that remains
in
@

the systemwhen the statewith n� cracks� is unloadedto
zero· appliedstress.Theseresiduaļ zero· stress¹ quantities: are
present2 wheneverplastic deformationoccurswithin a grain
contact.� After a sampleelastically returns to zero applied
stress,� such plastic deformationremainsand, accordingly,
there
�

is an elasticstressfield surroundingany crackthat ex-
perienced2 plastic deformation.The strain energy associated
with8 suchlocal residualstressis whatconstitutestheresidual
ener; gy En�res� .

When
�

the n� th
�

crackarrivesin a strain-controlledexperi-
ment,thereis no changein thestrain º n� and� thusno external
work8 performed.However, thereis a changein stiffness» and�
possibly2 residualstrain¼ resulting� in anassociatedstressdrop½¿¾

n� ÀEÁ n� Â 1(
[ Ã

n� )] ÄEÅ n� ([ Æ n� )] , anda drop in thestoredelasticen-
er; gy density Ç En�el¦ È En� É 1

el¦ (
[ Ê

n� )] Ë En�el¦ (
[ Ì

n� )] . Energy conserva-
tion
�

requiresthe elasticenergy reductionto exactlybalance
the
�

work performedin openingthe crackso that

Í¿Î En�el¦ ÏÑÐ n� Ò K
Ó

n�Ô D
e Õ 0,

b Ö
13×

where8 Ø
n� is
@

the bond-breakingwork performedat the grain
contact� of the n� th

�
crack, K

Ó
n� is
@

the energy that went into
acoustic� emissionswhen the crack arrived and/orexpended
in anymodeII frictional sliding or plasticdeformationat the
grain� contact(K

Ó
n� is
@

a positive ‘‘loss’’ termÙ ,' and,asearlier,Ú D
e

is the volumeof a mesovolume.BecauseKn� is positive,
we8 canrewrite Eq. Û 13Ü as� an inequality

Kn�Ý D Þ¿ß E
F

n�el¦ àâá n�ã D ä 0,
b å

14æ
which8 is a generalstatementof Griffith’s criterion. Upon
appealing� to linear elasticity ç elastic; stiffnessesindependent
of� strain levelè and� putting the residualdeformationto zeroé
no plasticity insidethe cracksê ,' we arrive at the convenient

statement� ë D ì
n� :(C

t
n� í 1 î C

t
n� ):] ï n� /2} ð¿ñ n� given� earlier.

The work performedbetweenthe arrival of the n� th
�

and
the
�

(n� ò 1)th crack is defined,

Wn� ó ô
n�
õ

n� ö 1 ÷
n� ø�ù
ú�û : ü
ýÿþ En�el¦ ���

n� � 1 ��� En�el¦ ���
n� 	 . 
 15�

Thus,
7

thetotal work requiredto reachthefinal strain � is
@

the
sum�  cf.� Fig. 2�

E
F

j
pp� ���

mÃ � 0
y
�

Wn� ,' � 16�

where8 by conventionW � is
@

the work performedafter the
arrival� of thelastcrackto get to thefinal deformation� . The
superscript� po on� E j

pp� is simply indicatingthat this is thework
for
$

one particular realizationof the quencheddisorder. Re-
writing8 thesumby introducingEqs. � 15� and� � 13� ,' thengives

E
F

j
pp� � E

F �el¦ �� �!�" E
F

0
yel¦ #�$

0
y %�&('

n� ) 1

*,+
E
F

n�el¦
- E j

pel¦ .0/01�2(3
n� 4 1

5,6
n� 7 K
Ó

n�8 D
e 9 E0

yel¦ :�;
0
y < ,' = 17>

where8 E0
yel¦ (
[ ?

0
y )] is the small and physically unimportant

amount� of energy that is storedin the initial isotropicstrain
field. Equation @ 17A is the natural statementthat the work
performed2 in creatingstate j

n
at� strain B is

@
the sum of the

elastic; energy densitystoredin the materialin the final state
plus2 the energy irreversiblyexpendedduring the openingof
each; crack.

Both
Ú

the losstermK
Ó

n� and� the residualenergiesE
F

j
p res� C

con-�
tained
�

in E
F

j
pel¦ )
]

arepotentiallya functionof the point in strain
history at which a grain contactactually breaks;e.g., most
models� onemight proposefor plasticdeformationat a grain
contact� are dependenton the appliedstresslevel. However,
modelingsuchplasticprocessesseemsuncertainat best.We
thus
�

assumethat at leastfor thosecrack statessignificantly
contributing� to any phase transition D states� with lots of
cracks� E ,' the stress-historydependenceof Kn� is, on average,
negligible.0 Further, sincetheresidualstrainin brittle-fracture
experiments; is nevermore than a few percentof the peak-
stress� deformationand sincethe essenceof the localization
process2 doesnot seemto lie in E j

p res,' we assumethat E j
p resFHG

n� I n� . With theseapproximations,the work density E j
pp�

depends
�

only on the final statej
n
,' the final strain JLK through

�
E j
pel¦ )
]
, andthe breakingenergies M n� .

Theenergy densityE j
p neededlater in our probability law

is obtainedby further averagingover the quencheddisorder
in the breakingenergies N n� to

�
give

E
F

j
p O E
F

j
pel¦ P0Q0R�SUT

j
p V0W

mÃ X Y j
pZ D [ E

F
0
yel¦ \�]

0
y ^ . _ 18̀

Here,a j
p bdc is thetotal numberof cracksin statej

n
and� e

j
p is

the
�

averageenergy requiredto breaka single grain contact
where8 the averageis over all cells throughoutall mesovol-
umesS led to statej

n
. This f j

p can� bedifferentfor differentfinal
crack� states.It will also be greaterat greatervaluesof the
maximumstrain g mÃ because,

9
accordingto Griffith, the cells

comprising� j
n

can� break at higher energy levels when the
strain� is greater. Thefirst termin Eq. h 18i corresponds� to the
purely2 reversibleelasticenergy and thereforedependsonly
on� the actualstrainstate j .

2. Specific expression for E j
k

T
7
o facilitate the developmentin PaperII and to be more

specific,� we now use Griffith’s criterion to developan ex-
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pression2 for E
F

j
p that
�

is basedon linear elasticity. When the
n� th
�

crack arrives, the linear-elastic variant of the Griffith
criterion� givesthatn

n� oHp D
e q

n� : r Ct n� s 1 t C
t

n� u : v n� /2} w
19xyHz D

e {
mÃ : | Ct n� } 1 ~ C

t
n� � : � mÃ /2,

} �
20�

where8 asearlier � n� is
@

thestrainpoint on theloadcurvewhere
the
�

n� th
�

crack arriveswhile � mÃ is
@

the final maximumstrain
level
¨

of the experiment.The secondinequalityfollows from
the
�

first sinceanextracrackalwaysreducesthestiffnessof a
mesovolume.For any particularmesovolumein statej

n
,' the

average� energy requiredto breaka contact � j
pp� thus
�

satisfies

�
j
pp� � 1�

j
p �n� � 1

�
j
� �

n� ��� D

2� j
p � mÃ : � Ct 0

y � C
t

j
p � : � mÃ ,' � 21�

where8 the right-handside comesfrom summingEq. � 20
5 �

.
Since
Y

this inequality is independentof the history, every
mesovolumethat is led to statej

n
mustsatisfyit. We maythus

write8 �
j
p in the form

�
j
p � f
�

j
p   D

e
2
5 ¡

j
p ¢ mÃ : £ Ct 0

y ¤ C
t

j
p ¥ : ¦ mÃ ,' § 22

5 ¨
where8 the fraction f

�
j
p is boundedas0 © f

�
j
p ª 1. We nextdem-

onstrate� that the variationof f
�

j
p from onestateto the next is

so� small asto be neglectedaltogether.
A
 

tighter lower boundfor f
�

j
p is
@

obtainedby considering
crack� statesj

n
having
c «

j
p noninteracting0 cracks. Since the

cracks� do not interactto concentratestress,all of the ¬ j
p cells�

that
�

broke had their breaking energies somewherein the
range0 d®°¯²± E ³µ´ D

e ¶
mÃ : · C

t
: ¸ mÃ /2,

}
where ¹ C

t
is the change

in the stiffnesstensordueto the arrival of a singlenoninter-
acting� crack and º E

F
is
@

the associatedchangein the elastic
ener; gy. Sincethe breakingenergiesareindependentrandom
variablesT takenfrom the distribution » (

[ ¼
)
]
, we obtain

½
j
p ¾ 0

y
¿
E

eÀ ÁÃÂ eÀ Ä de
d

0
y
Å
E
Æ ÇÉÈ

eÀ Ê de
d

Ë
23
5 Ì

for
$

noninteractingcrackstatesj
n
.

W
�

e now appealto a specificform for the probability dis-
tribution
� Í

(
[ Î

)
]
. Initially, our rocks are intact and it is ex-

pected2 that more grain contacts are entirely bonded ( ÏÐdÑ d
d D
e Ò

1)
]

thanentirelyunbonded( Ó°Ô 0
b

). We thusassumea
monotonic� distribution Õ k

Ö
with8 k

× Ø
0
b

satisfyingthe normal-

ization Ù 0
y Ú d
Û D Ü 1 Ý

(
[
eÀ )] de
d Þ

1 so that

ßÃàâáäã�åçæ k× è 1 éê
d
d D
e ë

1

ìí
d
d D
e î

1

k
Ö ï cg ð k

Ö
. ñ 24ò

Using
ó

this ô ,' theaverageenergy requiredto breaka contact
in a noninteractingcrackstateis

õ
j
p ö k
× ÷

1

k
× ø

2 ù E ú qû
2 ü D

e ý
mÃ : þ C

t
: ÿ mÃ ,' � 25�

where8 we havedefinedqû � (
[
k
× �

1)/(k
× �

2). All dependence
on� the underlying quenched-disorderdistribution in our
theory
�

is confinedto theconstantqû which8 for anyk
× �

0 i
b

s in
the
�

range � 0.5,1
b �

.
Since
Y

for noninteractingstatesC
t

0
y � C

t
j
p 	�


j
p � C
t

,' a com-
parison2 of Eqs.  25

5 �
and� � 22

5 �
shows� that f

�
j
p � qû for

$
all the

noninteractingstates.For the interactingstates,the prefactor
f
�

j
p must� be slightly greaterbecausenow stressconcentration

can� allow strongercellsto break.It is thusconcludedthatfor
all� states,the f

�
j
p of� Eq. � 22

5 �
are� boundedasqû � f

�
j
p � 1 which

when8 comparedto how � j
p variesT from stateto statecanbe

considered� negligible.From hereon, we simply take f
�

j
p � qû

for all states.
Theessentialphysicsfor theaverageamountof work that

goes� into building up anygivencrackstatej
n

is
@

thuscaptured
by
9

E j
p ��� ,' � mÃ ��� E j

pR �! �"!# E j
p I $!%

mÃ & ,' ' 26(

E
F

j
pR )�*�+�, 1

2
5 - :Ct j

p : . ,' / 27
5 0

E
F

j
p I1 2�3

mÃ 4�5 qû
2
5 6 mÃ : 7 Ct 0

y 8 C
t

j
p 9 : : mÃ ,' ; 28

5 <

where8 thesuperscriptsR and� I denote
�

respectivelytherevers-
ible andirreversiblepartof theenergy. Theintacthydrostatic
ener; gy E0

yel¦ (
[ =

0
y )] hasbeenneglectedsinceit doesnot involve

cracks� and,therefore,cannotinfluencethe probability of the
variousT crackstates.

C. The laws of our crack-based thermodynamics

Using
ó

the ergodic hypothesisdiscussedearlier, the aver-
age� energy density in a disordedsolid can be written U>@?

j
p po j
p E j
p . We areinterestedin how U changes� whenincre-

ments� in A and� B
mÃ are� appliedto the system.

In general,a small incrementin U can� be written as

dU
d CED

j
p E
F

j
p dp
d

j
p FEG

j
p po j

p dE
d

j
p . H 29

5 I

The first term involving the probability changeis entirely
due
�

to crackcreation.Somemesovolumesthat were in less
cracked� statesprior to theincrement,aretransformedto state
j
n

during
�

theincrement,while mesovolumesthatwerein state
j
n
,' are transformedto other more crackedstates.If in the

increment,
@

the numberof mesovolumesarriving in statej
n

is
@

dif
�

ferent than the numberleaving, thereis a changedp
d

j
p in

the
�

occupationalprobability of that state.Suchchangesare
the
�

only way to changethe disorderin the system,so that

J
j
p E j

p dp
d

j
p K TdS L 30

³ M
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is the work involved in changingthe system’s disordervia
crack� production.The proportionalityconstantT is formally
a� temperatureandwill be treatedin detail.

Using
ó

the decompositionE
F

j
p ([ P ,' Q mÃ )

] R
E
F

j
pR(
[ S

)
] T

E
F

j
p I([ U mÃ ),

]
we

can� write the secondterm of Eq. V 29W as�

X
j
p po j

p dE
d

j
p Y[Z

j
p po j

p dE
d

j
pR \E]

j
p po j

p dE
d

j
p I . ^ 31

³ _

The
7

first part is dueto purely elastic ` reversible� a changes� in
each; mesovolumeandmay be further written

b
j
p po j

p dE
d

j
pRc dEe :d

d f
,' g 32

³ h

where8 i is the averagestresstensoractingon the mesovol-
umes.S This result canbe verified by appealingeither to Eq.j
27
5 k

or� to the moregeneralstatementof Eq. l 12m .
The
7

secondpart n j
p po j
p dE
d

j
p I represents� the averagework

performed2 in creatingcracksin just thefinal strainincrement
d
d o

mÃ . Someof the initial mesovolumesled to statej
n

at� maxi-
mum� strain p mÃ q d

d r
mÃ had
c

all their cracksin placebeforethe
final
3

strain increment,while othershad cracksarrive in the
final increment.We write

s
j
p po j

p dE
d

j
p I t gu :d

d v
mÃ ,' w 33

³ x

where8 the tensorgu has
c

units of stressbut is quite distinct
from the stresstensor y .

The
7

‘‘first law’’ for the rock massis then

dU
d zE{

:d
d |~}

gu :d
d �

mÃ � TdS
d

,' � 34
³ �

with8 the formal definitions

����� U��� �
m� ,S
� ,' gu ��� U���

mÃ �
,S
� ,' and T

d ��� U�
S
h �

, � m� .

�
35
³ �

The natural variables of the fundamentalfunction U are�
(
[
S
h

,' � ,' � mÃ )
]
. Equivalently if S

h
is treatedas the fundamental

function,
$

then S
h �

S
h

(
[
U,' � ,' � mÃ )

]
which meansthat the con-

straints� placedon the maximizationof S
h

must involve U,' � ,'
and�  

mÃ .
The ‘‘secondlaw’’ of this crack-basedthermodynamicsis

that
�

dS
d ¡

0
b ¢

equal; to zeroonly if d
d £

mÃ ¤ 0
b

so that no cracks
are� created¥ while8 a ‘‘third law’’ maybeproposedby simply
defining
�

T
d ¦

0
b

whenS
h §

0
b

. The systemwill havezeroemer-
gent� disorderbeforecracksbegin to arrive andso our third
law statesthat the temperatureT starts� at zero and then in-
creases� in magnitudeas the numberof cracksin the system
increases
@

from zero. The justification for this postulate
comes� ae posteriori when8 it is foundthatin orderto havezero
probability2 for a mesovolumebeing in anythingbut the un-
cracked� state(S

h ¨
0
b

), we musthavethat T
d ©

0.
b

D. The probability distribution

T
7
o obtain the probability of observinga mesovolumeto

be
9

in crack statej
n
,' we maximizeS

h ª¬«@
j
p po j
p ln po j

p subject� to
the
�

constraintthat ® j
p po j
p ¯ 1, andto theadditionalconstraints

that
� °

j
p ±³² ,' ´ m jÃ µ³¶ mÃ ,' and · j

p po j
p E j
p ¸ U. Theseconstraintsde-

fine
3

our canonicalensemble.Otherensemblescanbedefined
by
9

consideringother constraintsinvolving ¹ ,' º mÃ ,' and U;
however, sinceall ensemblesyield identicalaverageproper-
ties
�

in the thermodynamiclimit, we elect to work only with
the
�

canonicalensembledueto its analyticalconvenience.
This maximization problem is solved using Lagrange

multipliers to obtainthe Boltzmannian

po j
p » eÀ ¼ E

Æ
j
� /
½
T

Z
¾ ,' where Z

¾ ¿[À
j
p eÀ Á E

Æ
j
� /
½
T,' Â 36

³ Ã

and� where the parameterT
d

is
@

exactly the partial derivativeÄ
U/
} Å

S
h ÆÈÇ

, É m� called� ‘‘temperature.’’

E.
Ê

The free energy and its derivatives

Any equilibrium physical property that dependson the
distribution
�

of cracksthroughoutthesystemcanbeobtained
from
$

the partition function Z
¾

given� by Eq. Ë 36
³ Ì

.
To do so, a thermodynamicpotential F called� the free-

ener; gy densityis introducedthat is relatedto Z by
9

F Í�Î ,' Ï mÃ ,' T Ð�Ñ¬Ò T ln Z Ó!Ô ,' Õ mÃ ,' T Ö . × 37
³ Ø

This
7

potentialF
Ù

is
@

the Legendretransformwith respectto S
h

of� the total-energy density U Ú U(
[ Û

,' Ü mÃ ,' Sh )
]

as can be seen
from

U Ý TS
d ÞEß

j
p po j

p EF j
p à T
d á

j
p po j

p ln
¨

po j
p â¬ã T

d
ln
¨

Z
¾ ä

j
p po j

p å F
Ù

,'æ
38
³ ç

where8 we usedthat ln po j
p è�é Ej

p /} T ê ln Z.
When
�

( ë ,' ì mÃ ,' Td )
]

are the independentvariables,the first
law canbeobtainedby takingthetotal derivativeof Eq. í 37

³ î

dF
d ï¬ð

T
d dZ
d
Z
¾ ñ ln

ò
ZdT
¾

ó¬ô T
d õ

j
ö ÷ dE

ø
j
ö ù�ú ,û ü mÃ ý

T
d þ E

F
j
ö dT
ø
T
d 2

pÿ j
ö � ln
ò

ZdT
¾

��� F � U � dT
ø
T

���
j
ö pÿ j

ö 	 dE
ø

j
öRc 
����� dE

ø
j
ö I1 ���

m� ���
��� SdT

� ���
:d
ø � �

gu :d
ø !

m� ,û " 39
# $

where% we haveusedthe definitionsthat & j
ö ' dE
ø

j
öRc (( ) )/* d

ø +
and,

gu j
ö - dE
ø

j
ö I1 (( . m� )/

*
d
ø /

m� .
W
0

ith 132 1/T
d

,û the various thermodynamicfunctions are
relatedto the partial derivativesof ln Z(

( 4
,û 5 m� ,û 6 ) a

*
s

798 ln Z:<;>=�?
j
ö E

@
j
ö pÿ j
ö A U,û B 40

C D
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I 1JLK ln
ò

Z
M

NPORQ�S
j
ö T j

ö pÿ j
ö U�V ,û W 41X

Y 1ZL[ ln Z\P]
m� ^

_
j
ö gu j

ö pÿ j
ö ` gu . a 42

C b

These
c

results,alongwith S
d e

ln
ò

Z
M f3g

U,û areusedin PaperIII.

IV. TEMPERATURE

The
c

temperatureis a well-definedessentialpart of our
quenched-disorderh statistics.Throughthe probability law pÿ j

öi ej k E
Æ

j
� /
l
T/
m
Z,û the temperaturequantifiesthe energy scalethat

separatesn probablefrom improbablestatesandhow this en-
ero gy scaleevolveswith strain.No othermeaningshouldbe
readp into T

q
. We now demonstratehow to exactlyobtainT

q
.

A. Evolution of temperature with strain

The
c

only way energy entersthe systemis by performing
workr on the externalsurface.Thus,the generalrelationdU

ø
s�t :d

ø u
holdsfor eitherloadingor unloadingsituations.This

previouslyv unusedfact providesa differential equationfor
T
q w

1/x that
y

permitseverythingaboutour systemto be ex-
actlyz known once an order-parameterbased model for
E
{

j
ö (| } ,û ~ m� )

�
is determinedand the functional sums defining

Z(
| �

,û � m� ,û � )
� ���

j
ö ej ��� E j

� (� � , � m� )
�

arez performed.
The
c

temperatureandentropyonly evolvealongloadpaths
defined
�

by ����� m� andz only suchpathsneedbeconsideredin
whatr follows. Using dU

ø ���
:d
ø �

,û the first law � Eq.
� �

34
� ���

can�
then
y

be rewrittenas

TdS
q �

gu :d
ø  �¡

0.
¢ £

43
¤ ¥

Since
¦

it alwaysrequiresenergy to breakcontacts,we have
that
y

gu :d
ø § ¨

0
¢

andconsequentlyTdS © 0
¢

. Furthermore,since
the
y

entropy ª disorder
� «

necessarilygrows during the crack-
creation� process ¬ atz least initially  ,û the temperatureof our
systemn is negative® atz leastinitially ¯ .

The load path of a standardtriaxial experimentis when
axialz strain ° z± monotonically² increaseswhile the radial con-
fining stress³ x´ µ�¶ y· ¸�¹ pÿ cº remainsconstant.Along this path,
allz properties evolve only as a function of » z± . With
Z(
| ¼

,û ½ m� ,û ¾ )
�

consideredas known, the radial deformation
components� canbe expressedin termsof the axial deforma-
tion
y

by usingthe two equations

¿
pÿ cº ÀÂÁ ln

ò
Z
M

ÃÅÄ
x´ Æ

m� ÇÉÈ
ÊÂË ln

ò
Z
M

ÌÅÍ
y· Î

m� ÏPÐ
to
y

obtainthe two functions

Ñ
x´ Ò f

Ó
x´ ÔÖÕ ,û × z± Ø andz Ù

y· Ú f
Ó

y· ÛÖÜ ,û Ý z± Þ ß 44
¤ à

that
y

arevalid only alongthe load path.
W
á

e now write dU
ø

in
â

two different ways. First, dU
ø

ã�ä :d
ø å

is evaluatedalongthe load pathto obtain

dU
ø æ�ç

z± dø è z± é pÿ cº ê d f
ø

x´ ë d f
ø

y· ì . í 45î

Second,
¦

we usethe fact that U ï U(
| ð

,û ñ ,û ò m� )
�

to obtain

dU
ø ó9ô Uõ÷ö d

ø ø3ù ú Uû÷ü
z± ý

þ
Uÿ��
mz� d
ø �

z± �
�

U���
x´
� �

U	�

mx� d f

ø
x´

� 
U���

y·
� �

U���
my� d f

ø
y· . � 46�

Upon
�

equatingEqs. � 45
¤ �

andz � 46
¤ �

wer obtain a first-order
nonlinear� differentialequationfor �

a� � � ,û ! z± " d
ø #
d
ø $

z± % b
& ')(

,û * z± +-, 0,
¢ .

47/

wherer a� andz b
&

arez given by

a� 021 U3�465 pÿ cº 7
8

U9�:
x´ ;

<
U=�>
mx�

?
f
Ó

x´@�ACB pÿ cº D
E

UF�G
y· H

I
UJ�K
my�

L
f
Ó

y·M�N ,ûO
48P

b
Q RTSVU

z± W
X

UY�Z
z± [

\
U]�^
mz� _ pÿ cº `

a
Ub�c

x´ d
e

Uf�g
mx�

h
f
Ó

x´i�j
z±

k
pÿ cº l

m
Un�o

y· p
q

Ur�s
my�

t
f
Ó

y·u�v
z± . w 49x

W
á

e are to use y z± zT{}|�~ 1 � ln Z/
m ���

z± andz U �T��� ln Z/
m ���

in
these
y

expressionsfor a� andz b
Q

once� the function Z
M

(
| �

,û � m� ,û � )
�

has
�

beendetermined.Furthermore,all partial derivativesare
to
y

be evaluated along the load curve; i.e., at � mx�� f
Ó

x´ (| � ,û � z± ),� �
my� � f

Ó
y· (| � ,û � z± )� , and � mz� ��� z± .

B. Initial conditions

In order to integrateEq. � 47� ,û initial conditionsmust be
provided.v The initial conditionsof our so-called‘‘third law’’�
i.e.,
â

the intact conditionsthat  �¡T¢�£ whenr ¤
z± ¥ 0

¢
) arenot

well-definedr for ¦ . Thus, Eq. § 47
¤ ¨

must² be integratednot
from
©

the intact state,but from a statethat containsat leasta
few cracksso that ª�« ¬} .

Accordingly
®

, we define‘‘one-crack’’ initial conditionsby
considering� the point in strain history where on average
throughout
y

theensembleof mesovolumes,thereis onecrack
in eachmesovolume.If thereare N

¯
cells� in a mesovolume,

the
y

probability of any given cell to be brokensomewherein
the
y

ensembleis then P1 ° 1/N
¯

. This sameprobability can
alsoz be obtainedfrom Griffith’s criterion by integratingthe
quenched-disorderh distribution of Eq. ± 24² to

y
obtain P1³µ´·¶ E

{
1 /(
m ¸

d
ø D ¹ 1)

� º k
» ¼

1,û where ½ E
{

1 ¾À¿ D Á
1 : Â C

Ã
: Ä 1/2

m
is the

elastico energy changedue to a single isolated crack and
wherer Å

1 is
â

the strain tensorat which on averagethereis a
singlen crack in eachmesovolume.Thus,we have Æ 1 : Ç C

Ã
: È 1É 2

Ê Ë
d
ø D
Ì Í

1/(
m

N
¯ 1/(k

» Î
1) Ï D

Ð
)
�

that can be usedto obtain an ex-
pressionv for the initial axial strain Ñ z± 1 atz which on average
there
y

is onecrackper mesovolume.
To obtain the inverse temperatureÒ 1 corresponding� to

this
y

initial strain,theexactprobabilityof observinga particu-
lar
ò

type of crack stateis determinedand comparedto our
temperature-dependent
y

Boltzmannian.The particular states
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wer chooseto analyzeare, for simplicity, thosehaving pre-
cisely� onebrokencell.

Theprobability pÿ j
ö of� a stateconsistingof onebrokencell

andz N
Õ Ö

1 unbrokencells canbe written as

pÿ j
ö × P1 Ø 1 Ù P1 Ú N

Û Ü
1Ý

xÞ ß 1 àâá P ã xä å·æ ,û ç 50
è é

wherer P1 is againthe probability of havinga singlebroken
cell� and(1 ê P

ë
1)
� N
Û ì

1 is
â

the probability of havingN
Õ í

1 bro-
ken cells in the absenceof other cracks.Thus, the productî

xÞ ï 1 ðâñ P
ë

(
|
xä )
� ò

is
â

the probability that no cells broke due to
the
y

strainperturbationscausedby thepresenceof a first bro-
ken
ó

cell, wherexä representsp distancefrom this first broken
cell.� We define ô E2(

|
xä )
�

as the elastic energy changein a
mesovolumewhen a secondcell breakssolely in the per-
turbed
y

strain field emanatingfrom a first brokencell. This
enero gy varies with the separationdistance õ xä ö between

÷
the

two
y

cracksas ø xä ùûú D
Ð

. We have

ü
P ý xä þ-ÿ

0
�
�
E
�

2
� (� xÞ )
� ��� ej � de

ø � 	 E
{

2

 � xä �

d
ø D
Ð �

1

k
� �

1 �
c� 2

�

xä � DÐ (
�
k
� �

1)
,û �
51
è �

wherer Eq. � 24� wasr usedfor � andz where c� 2 depends
�

on
both
÷

the overall appliedstrain and the anglefrom the first-
crack’� s orientationto the secondcrack. Since � P is small
compared� to one � restricting to models where cracks are
smallern thanthecell size � ,û sincetheseparationdistance� xä �
alwaysz exceedsit  ,û we have

!
xÞ " 1 #%$ P

ë &
xä ')(+* 1 , 1- D . xÞ / 021

c� 23
xä 4 D(

�
k
� 5

1)
d
ø Dxä 6 52

è 7
andz since k

8 9
0
¢

, this spatial integral over the mesovolume
can� be neglectedin the thermodynamiclimit.

The
c

conclusionis that

pÿ j
ö : P1 ; 1 < P1 = N

Û >
1 ? pÿ 0

� P
ë

1

1 @ P1 A pÿ 0
� ej B ln(

C
N
Û D

1),û E 53
è F

wherer pÿ 0
� G (1

| H
P1)

� N
Û

is the probability of the entirely intact
state.n This can be comparedto our probability law where,
from
©

Eqs. I 26
Ê J

– K 28
Ê L

,û we have

pÿ j
ö M pÿ 0

� expo N
1

O
1 P qQ R

2 S 1 : T C
U

: V 1 . W 54
è X

Thus,
c

the inversetemperaturethat holdswhen Y[Z]\ 1 is
â

^
1 _a`

b DN
Õ 1/(k

� c
1)ln
ò d

N
Õ e

1 fg
1 h qQ ikj d

ø D
Ð l

1
. m 55

è n

C. Approximate approach to the temperature

The approachjust takenin defining the initial conditions
suggestsn a convenientway of obtainingan approximateex-
pressionv for the temperature.

Consider
o

‘‘dilute’’ statesj
p

wherer cracks do not signifi-
cantly� interact.In this case,the probability Pm� that

y
any one

cell� hasbrokenwhenthe maximumstrain tensoris at q m� is
â

againz just the cumulative distribution Pm�rtsvu D w
m� : x C

U
: y m� /(2

m z
d
ø D { 1)

� | k
� }

1. In this case,the probabil-
ity of observinga noninteractingstate j

p
consisting� of ~ j

ö
cracks� is pÿ j

ö � Pm� � j
�
(1
| �

Pm� )
� (
�
N
Û �2�

j
� )� wherer we haveforgonethe

analysisz of the preceedingsection demonstratingthat the
unbroken-cell� probabilitiesare negligibly influencedby the
strainn perturbationsfrom the � j

ö broken
÷

cells � atz leastfor k
8�

0
¢

). We may write

pÿ j
ö � pÿ 0

� expo � ln
1

Pm� � 1 � j
ö ,û � 56

è �
wherer pÿ 0

� � (1
| �

P
ë

m� )
� N
Û

is
â

the probability of the unbroken
state.n

For suchdilute states,theHamiltonianof Eq. � 26� is writ-
ten
y �

withr �
m� �]� ) a

�
s

E
{

j
ö � 1

2 � m� :C
U

0
� : � m� �

�
1 � qQ �

2 � m� : � C
U

:   m� ¡ j
ö ¢ 57

è £
son that our probability law predicts

pÿ j
ö ¤ pÿ 0

� expo ¥§¦ 1 ¨ qQ ©
2 ª m� : « C

U
: ¬ m�  j

ö . ® 58
è ¯

Upon
�

using1/Pm� °a± 2² d
ø D
Ð ³

1/(
m ´ D

Ð µ
m� : ¶ C

U
: · m� )

� ¸ k
� ¹

1 andz equat-
ing
â

Eqs. º 58
è »

andz ¼ 56
½ ¾

,û the temperatureis identified

¿ÁÀÃÂ
m� ÄÆÅÈÇ 2 lnÉËÊ 2Ì d

ø D Í 1/
m ÎvÏ D Ð

m� : Ñ C
Ò

: Ó m� Ô)Õ k
Ö ×

1 Ø 1ÙÚ
1 Û qÜ ÝßÞ m� : à C

Ò
: á m� . â

59
½ ã

This expressionfor ä has the expectedbehavior that åçæèêé whenr ë
m� ì 0

¢
, and that í is

â
a negativeand increasing

function of î m� up� to the strain point Pm� ï 1/2 where it
smoothlyn goes to zero. For P

ð
m� ñ 1/2, ò is

â
a positive and

increasing
â

functionof ó m� . Our probability law with ô nega-�
tive
y

predictsthe intact stateto havethe greatestprobability,
whiler when Pm� õ 1/2 and ö is positive, the most probable
staten jumps to every cell being broken. Although such a
phasev transitionoccursin fiber bundles÷ 24

Ê ø
,û we demonstrate

in PaperIII usingtheexactdifferentialequationfor tempera-
ture,
y

that the localization transition always occursprior to
this
y

divergent-temperaturetransition.
W
á

e emphasizethat Eq. ù 59
½ ú

is
â

an approximationto the
extento that due to the long-rangenatureof elastic interac-
tions,
y

one can nevertruly definea noninteractingstate.We
use� it to obtain an order-of-magnitudeidea of the tempera-
ture
y

at a given strain. But it should always be considered
preferablev to obtainthe temperatureby integratingthe exact
Eq. û 47ü from the first-crack ý or� other exactþ initial condi-
tions.
y

V
ÿ

. CONCLUSIONS

The
c

presenttheoryof fracturein disorderedsolidsworks
from the postulatethat the probability pÿ j

ö of� observinga
mesovolume² in a givenemergent-crackstatej

�
andz at a given
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appliedz strain can be determinedby maximizing Shannon’s
measureof theemergent-crackdisordersubjectto constraints
that
y

comefrom the energy balanceof brittle fracture.These
constraints� are what allow nonuniformprobability distribu-
tions
y

to occur. The validity of this postulatecanbe demon-
stratedn in simpler cases� 24� by

÷
integratingthe probability

distribution
�

through history, but its generalvalidity in the
case� of rockswith interactingcracksremainsan openprob-
lem. Our approachto answeringthis questionis to usethe
statisticaln mechanicsthat follows from our maximal-disorder
postulatev to makepredictionsabout the physicalproperties

of� realsystemsandto comparesuchpredictionsto laboratory
data.
�
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