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Wave Solutions in Vertically Varying Media

•Spherical & plane wave solutions considered thus far are valid only within 
homogeneous space, or smoothly varying media.

•For vertically inhomogeneous media new solutions are found by solving 
boundary value problems, where there is continuity of traction and 
displacement across media discontinuities. i.e. stress & displacement are 
transmitted and surfaces remain in contact.

•We consider reflection and refraction of SH waves at a welded
discontinuity.
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System of Equations
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Helmholtz Equation

Constitutive Equation
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χχχ First consider continuity of dis-
placement at x3=0 boundary
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of traction at x3=0
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Equation 1

Equation 2

First solve: (μ1η1)(1) + (2)
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Next solve: (-μ2η2)(1) + (2)
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ηSince η is a function of p (horizontal slowness), , the reflection (R),

and transmission (T) coefficients depend on the angle of incidence of the wave with
respect to the media discontinuity
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Normal Incidence
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If i1=ic then η2=0 and R=1 and T=2

If i1 > ic we have wide-angle (total internal) reflection
T=0
R becomes complex
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Snell’s Law
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Snell’s Law is General

If α2 > α1 j > i

If α2 < α1 j < i
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SH R&T PLOT
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SH R&T PLOT
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Synthetic SH waves for a 5 layer 
crustal model
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Downward incident
What is the form for upward
Incident?
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Example – Northridge Earthquake
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Rock Synthetic

Scaled (x1.78)
synthetic
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Complete soil
synthetic
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Example: Richmond Field Station
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Example: Bolinas
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Snell’s Law
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Snell’s Law is General

If α2 > α1 j > i

If α2 < α1 j < i

Direct Wave
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Alternative Solution Technique

hpx

ip

ihxgiven

ητ

α

+=

=

⋅=

)sin(

)tan(

Suppose x, h, and α are given. How can we solve for p, arrival time (T) and 
the reflection transmission coefficients?

Shooting rays

Find value of i that gives desired distance

Calculate the ray parameter

Calculate arrival time and other parametes
(e.g. transmission & reflection coefficients)

This seems more difficult, but there is a clear advantage in more complicated
problems.
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Alternative Method
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⋅= Find value of i that gives desired distance

Calculate the ray parameter

Calculate arrival time and other parametes
(e.g. transmission & reflection coefficients)

Head wave
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Typical Traveltime Curve

How does it change for a source not at the surface?
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Seismic Refraction
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Two-Layer Refraction Problem
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Multi-layer Problems
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For three layers:

Low Velocity Layers Complications
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Hidden Layer Problem

Both low velocity and hidden (thin) layers are complications 
that cannot be resolved from only first arrival time data. 
Secondary arrivals or amplitudes need to be employed.

Dipping Layer Problems
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Dipping Layer Problems
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Seismic Record Section
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Reflection image courtesy of 
ChevronTexaco and WesternGeco.
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Homework 4

How do we set up this problem to find arrival time and wave
amplitude?
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How about the setup for first multiple arrival?


